How This Book Works Eamees

Each page starts with a header

NOTE: Before we get started, let's
talk a little bit about how this book that tells you exactly what
works by looking at a sample page. Dﬂiﬂceﬁt we're focusing on.

b
Throughout each
page, you'll see circled
.., numbers like these...

HE_.' Mo aksa urus, can youl cure Hi ny
: . . ing StatSquatch! Machina Laarning T s e .
@ cummerze all s machine Barnngf 1) g o lection of ook ard technigues that ettt
A shglesenene trarcforms data imto ho peiilly good) decsiors It L
by ma king oassficato ns, like whether or not L
g0 meare will I:i};?_nmmt:l. or quarntitathe ‘,1-"‘ ...that go from low to
F\‘EI'.'H'I'J.‘II'I!JJ'J.':T, | L) SOmMedre . u® '
Pt high, and all you have
L to dois follow them in
'y
“.ﬂ‘ order for each concept
" to be clearly
explained.

Mo , are you saying that machine
kaming s allabout teo things? 1] We can
L it to classfy things and 2] we can uss

it to ria ke quantitative oredichons?

So, Btsgetstrted by
talkingabout the main
ideas of how machine
kearning is ueed for
Class flication.

BAM!! Now that
you know how
this book works,
let’s get startedil!

Thatk right, Squatzh! Its allabout tose
teio things. When we use machine karning
to classfy things, wecall it Glass Meation.
Ard whian ws ma ke qua ntitative predichions,
wacall it Regression.




Chapter 01
Fundamental

Concepts in Machine
Learning!!!




Machine Learning: Main ldeas

Hey Normalsaurus, can you
, summarize all of machine learning &
in a single sentence? '

Sure thing StatSquatch! Machine Learning
(ML) is a collection of tools and technigues that
transforms data into (hopefully good) decisions
by making classifications, like whether or not
someone will love a movie, or quantitative
predictions, like how tall sormeone is.

Norm, are you saying that machine
learning is all about two things? 1) We can
use it to classify things and 2) we can uss
it to make quantitative predictions?

So, let's get started by
talking about the main
ideas of how machine
learning is used for
Classification.

That's right, ‘Squatch! It's all about those
two things. When we use machine learning
to classify things, we call it Classification.

And when we make guantitative predictions,

we call it Regression.



Machine Learning Classification: Main ldeas

For example, we meet this =«

The Problem: We have a big _ b
pile of data, and we want to person and want to Classify
use it to make classifications. them as someone who will like
StatQuest or not.
A Solution: We can use our data @ Once the Classification Tree is built, we can
to build a Classification Tree use it to make Classifications by starting at the
(for details, see Chapter 10] to top and asking the question, *Are you
Classify a person as someons ~ interssted in machine learning?”
who will like StatQuest or not. N
mn «.,r @ .If you're nr;:t
BAM... Interested In
Now let's learn the main ideas Are you interested in machine |E?m|ﬂ§|, ,—-—\‘
of how machine learning is Machine Learning? L to the right...
used for Regression. 5 @ o row we
U SE I ask, “Do you like

P Silly Songs?”

@ & Then you will like Do you like Silly
o StatQuest!!! songs?
And If you are Qu ng
interested in machine

learning, then the

Classification Tree "
predicts that you will Then you will like
like StatQuestl! o d StatQuest!!

@ On the other hand, if you like Silly
Songs, then the Classification

Tree predicts that you will like
StatQuestll!

If you're not mterested in
machine learning and don't like
Silly Songs, then bummer!

10



Machine Learning Regression: Main ldeas

The Problem: We have ancther pile of data, and we want g
to use it to make quantitative predictions, which means
that we want to use machine learning to do Regression. v
Thus, when someone new
. shows up and tells us their
'0 Weight, we would like to use
| ©  For example, here we measured the Heights that information to predict
O © Vit and Weights of § different pecple. their Height.
Height L S Because we can see a trend in the data
1 0 —the larger the value for Weight, the
taller the person—it seems reasonable to
predict Height using Weight.
| | |
Weight
A Solution: Using a method called Linear ...then we could use thi/ Because there are lots
line to predict that this is of machine learning
methods to choose

Regression (for details, ses Chapter 4), we can
fit a line to the original data we collected and
use that line to make quantitative predictions.

The line, which goes up
*.  as the value for Weight
sanmannEs “w increases, summarizes
the trend we saw in the
data: as a person’s
Weight increases,
generally speaking, so
does their Height.

Height

Weight

your Height. BAM!!!
. from, let's talk about
how to pick the best

one for our problem.

Now, if you told me
that this was your
Weight...

11



Comparing Machine Learning Methods: Main ldeas

The Problem: As we'll learn in this book, machine

learning consists of a lot of different methods that
allow us to make Classifications or Quantitative
Predictions. How do we choose which one to use?

...0r we could use this green
squiggle to predict Height from
+ Weight.

Weight

A Solution: In machine
learning, deciding which
method to use often means

just trying it and seeing how

well it performs.

‘(_/

For example,
given this person’s

(\/

For example, we could
use this black line to

predict Height from
+  Weight...

‘i

...the black line pr
this Height.

eﬁ“/)

How do we decide to
use the black line or the
green squiggle?

Weight

In contrast, the green squiggle predicts

that the person will be slightly taller.

We can compare
those two predictions
to the person’s actual

Height to determine
the quality of each
prediction.

BAM!!!

Now that we understand
the Main ldeas of how to
: compare machine
1 learning methods, let's
Weight get a better sense of how
we do this in practice.

12



Comparing Machine Learning Methods: Intuition Part 1
Alternatively, we could have fita

The original data that we use to

observe the trend and fit the line

In other words, the
black line is fit to the

» Training Data.

O :
[
L g
"
*
]

|
Weight

So, we collect more data,
called Testing Data...

...and we use the
Testing Data to compare
the predictions made by
the black line to the

'0'_1::::

Height H
Y
0 green squiggle.

Weight

predictions made by the

green squiggle to the Training Data.
"-, The green squiggle
: fits the Training Data
better than the black
o---=* line, but remember
the goal of machine
learning is to maks
predictions, so we
nesd a way to
determine if the
black line or the
green squiggle
makes better
predictions.

Hey Normalsaurus, don't you wish
we'd get a warning when new

terminology, like Training Data and
Testing Data, is introduced?

| sure would,
StatSquatch! So, from
this point forward, look for
the dreaded Terminology
Alerfill




Comparing Machine Learning Methods: Intuition Part 2
@ The first person in the
Testing Data had this

Mow, if these blue dots
are the Testing Data...
[

O«

...thenwe can compare their Observed
Heights to the Heights Predicted by the
black line and the green squiggle. Weight...
: : 1 ...and was this tall.
Height | &
4
X*-----.O ““,'
I VIR S
X

L J
L J
-
n
L]
L]
o
L]
[
]
]
-

Height

O <

1
Weight

However, the black
line predicts that they

are taller...

...and we can
measure the distance,
or error, between the
Observed and
Predicted Heights.

Weight

L
-".
ll..'.'.'

We can then add the two

Weight
@ errors together to geta
sense of how close the two
Predictions are to the '-.‘

Likewise, we measurs the error
0 between the Observed and
Predicted values for the second .
" personin the Testing Data. :: Observed values for the
] black line. _
«
[

Error
- -/ Error

Hmt__i{[

Error

Second “:LI
:;?nﬂm

L
-
.><_|

Height

14



Comparing Machine Learning Methods: Intuition Part 3

We can then add the two

errors together to get a sense
of how close the Predictions

@ Likewise, we can measure the distances, or errors, between the
Observed Heights and the Heights Predicted by the green squiggle.
1 »+ are to the Observed values
;' for the green squiggle.

Height
- P, /7 S O . 4 :
H B : Second “:L .
: - Error b:

Weight

In other words, even though the ...the black line did a
@ better job predicting

green squiggle fit the Training
Data way better than the black Height with the Testing
Data. ',

a®
¥ *

Now we can compare the predictions

made by the black line to the predictions oo line

made by the green squiggle by . ]

comparing the sums of the errors. 1 o, el “i" "
S O

S Total Green
Height

Height

y Saquiggle Errors
Total Black And we see that the R
Line Errors sum of the errors for O ¥.. It
the black line is shorter, e
suggesting that it did a
better job making . : i _
Weight Weight

predictions.




Comparing Machine Learning Methods: Intuition Part 4

So, if we had to choose between
using the black line or the green ...we would choose the black
squiggle to make predictions... line because it makes better

predictions.

.
[}
L ]
L]

Height Height

£ The example we just _ S _
went through illustrates  § /-\ TERMINOLOGY ALERTHH

2 Main Ideas about  § _ L When a machine learning |
. machine learning. 4 First, we use Testing Data to I method fits the Training Data |

0 ' N evaluate machine learning methods. § really well but makes poor
I predictions, we say that it is
X ‘ ¥ Overfit to the Training Data.
Height ' . . ¢ Overfitting a machine learning §
¥ iy / Secnlnd, o becguse a malf:h_me method is related to something |
& _ 0 learning method fits the Training | called the Bias-Variance
.' Lo il cljaesn t mean it will Tradeoff, and we'll talk more
perform well with the Testing Data. | about that later

Weight



The Main Ideas of Machine Learning: Summary

MNow, you may be wondering why we
started this book with a super simple
Decision Tree...

...and a simple black line and a silly
green squiggle instead of a...

.
an
5]
'r}..-..l.i-".'

...Deep Learning Convolutional
Neural Network
ora
[insert newest, fanciest machine
learning method herel.

There are lots of cool machine 3
learning methods. In this book,
T U L o - There are tons of fancy-sounding
Regression ' “"*1+  machine learning methods, like Deep
Learning Convolutional Neural
Networks, and sach year something

Logistic Regression

Naive Bayes : 3 new and exciting comes along, but
Classification Trees regardless of what you use, the most
_ important thing is how it performs with ,.....,. ... \ Total Green
Regression Trees : the Testing Data. Sauiggle

Error  Total Fancy

) Method Error
Total Black
. . . Line Error

Now that we understand some of the main

ideas of machine learning, let's learn some

fancy terminoclogy so we can sound smart
when we talk about this stuff at dance partiss.

Support Vector Machines
MNeural Networks

17



Terminology Alert!!! Independent and Dependent Variables

So far, we've been /.from Weight ‘/)...Emd the data have all
predicting Height... been displayed on a nice

measurements..:

graph. However, we can _,.=*" e,
¥ 1 L ]

also organize the data In a '4

nice table.

Now, regardless of whether we
look at the data in the graph or in

the table, we can see that Weight

L ]
..""ll"rrrl T L

varies from perscn to person, and =W e Us

thus, Weight is called a Variable. ™, 1.2 1.8

';‘ 1.0 1.7

Likewise, Height varies from 5 0 5
person to person, so Height ' ]

is also called a Variable. 2.8 2.3

So far in our examples, we have only used Weight, a single

That being said, we can be more specific Independent Variable, or Feature, to predict Height. However,
about the types of Variables that Height it's very common to use ImLIJItipIe Independent 1'."i:'iri‘.‘:l'it:IInE.'ss, or
and Weight represent. Features, to make predictions. For example, we might uss
Weight, Shoe Size and Favorite Color to predict Height.
Becaluse our Height predictions depend ‘",, F:‘ l-':‘ __.-"‘
on Weight measurements, we call Height a ane’

Dependent Variable. Shoe  Favorite G Bam.
Size Color

Weight

In contrast, because we're not predicting Now, as we can see inthe

Weight, and thus, Weight does not depend Lo 3 Blue 1.1 table, Weight is a ﬂt-‘mE‘FIfG

on Height, we call Weight an Independe nt 1.2 3.5 Green 1.8 measgmm&?nt and Favorite
Variable. Alternatively, Weight can be 19 4 Green 17 Color is a discrete category,
called a Feature. ' . so we have different types of

2.0 4 Pink 2.8 data. Read on to learn more
m
28 4.5 Blue 53 about these typesll!



Terminology Alert!!! Discrete and Continuous Data

Discrete Data...

...ls countable and cnly |
takes specific values.

For example, we can count the
number of people that love the
color green or love the color blue.

. tLL ..‘_‘ - ."-F
oy ™

-i-' FmmmEE

&

-|-

. ‘Q . Because we ars counting

. . individual people, and the
totals can only be whole

. . numbers, the data are

4 people 3 people Discrete.

love green love blue

American shoe sizes are Discrete
because even though there are half
sizes, like B 1/2, shoes sizes are
never 8 7/36 or 9 5/18.

S S

Rankings and other orderings are also
Discrete. There is no award for coming
in 1,68 place. Total bummer!

(A LA LA

Continuous Data...

...i1s measurable and can take
any numeric value within a range.

For example, Height measurements

are Gontinuous data. \

181 cm Height
measurements

152 cm can be any
numkb er
between 0 and
the height of
the tallest
person on the
planet.

“_‘. NOTE: Iflwe get a /"...ther"l the
p more precise ruler..: measurements

="V getmore
L d

181.73 om ¥ precise.

152.11 cm
So the precision
of Continuous
measurements is
only limited by
the tools we use.

-

o
III|

19



" Now we know about different
types of data and how they can
be used for Training and
Testing. What's next?

In the next chapter, we'll learn how to
select which data points should be used
for Training and which should be used
for Testing using a technigue called
Cross Validation.

20



Chapter 02
Cross Validation!!!



Cross Validation: Main ldeas

However, usually no one tells us
what is for Training and what is

The Problem: So far, we've
simply been told which points
are the Training Data... & for Testing.

O : Creg O
v o ...and which : O 9

* points are the : O = How do we pick the best

. ? 0 points for Training and the
best points for Testing?

‘r 0 0 _..wse-Testing Data. <
. 9
4 0 ®) A O .

Rather than worry too much about which specific
points are best for Training and best for Testing,

A Solution: When we're not told which data
Cross Validation uses all points for both in an

should be used for Training and for Testing,
we can use Cross Validation to figure out
which is which in an unbiased way. iterative way, meaning that we use them in steps
e P BAM!I!
‘:"'.H' .h""*r.- "y ...-"# "
Testmg set #1 Testing set#2 """ : Testing set #3
1 &, A O
L4

A

O

O {""""u-n. g

22



Cross Validation: Details Part 1

...80 we decide to fit a line to the data with

I . thered th 6 Linear Regression (for details, see Chapter 4).
mgﬁngﬁe?aht?ﬁd He?slft However, we don't know which points to use for
P J ; E/—A Training and which to use for Testing.

Mmeasursmesnts. .. ...and because we see a

trend that people with larger
O "'-"':::a- Weights tend to be taller, we

0 4" want to use Weight to predict

. O 0 Height...

1 1
Weight
A terrible idea would be to use—/ ...and then reuse the exact-/'b ...E;:netcausle tljfe only W;ﬁ‘f to
all of the data for Training... same data for Testing... stefmine ita machine
4 4 learning method has been
St Overfit to the Training
i s, T s, Data is to try it on new data
: ey : e that it hasn't seen before.
i Q 1 TERMINOLOGY ALERT!!
& O & | '
Reusing the same data for Training

0 and Testing is called Data Leakage, |

t and it usually results in you believing

. the machine learning method will

| perform better than it does because |
it iz Overfit

23



Cross Validation: Details Part 2

A slightly better idea is to randomly Cross Validation solves the problem of not knowing which points
select some data to use only for are the best for Testing by using them all in an iterative way.

Testing and select and use the rest The first step is to randomly assign the data to different groups. In
P for Training this example, we divide the data into 3 groups, where each group
H ' consists of 2 points.

: ‘-‘4 O Group 1 Group 2 Group 3

: 0 :t' -r". I*"q-‘

- :' A _#* ".,' :' o

O This avoids Data : O s ¢

do we know we *f
selected the best O 0
data for Testing?

1o
F‘ Leakage, but how
O

Now, in the first Cross Validation Then, just like before, we can
iteration, we'll use Grou Py.and Group 3 for Testing. measure the errors for each
2 for Training... ., pointin the.Tesﬁng Data...
o _ : A E’
. Iteration #1:
| 4 Black Line
d Errors
I ...however, unlike before, we
don’t stop here. Instead, we
d keep iterating so that Groups
1 and 2 can each get a turn
to be used for Testing.

24



% Gentle Reminder:
These are the
original 3 groups.

*

Because we have 3 groups of data
0 points, we'll do 3 iterations, which

ensures that each group is used for

Testing. The number of iterations

are also called Folds, so this is
called 3-Fold Cross Validation.

@ ...and these are
the 3 iterations of
So, these are the O

. ) Testing.
3 Iterations of I r\_/
Training... 0 0
Iteration #1 e I A different fitted line

combined with using
NOTE: Because e . different data for Testing
each iteration o Groups 2and 3 Group 1 ""--r.';esu,lt,s In eaclj iteration
uses a different R " giving us different

T T S ‘,::: s prediction errors.
data for Training, "*-.r_“ 4
each iteration e,
resultsina o ey We can average
shghtly different Iteration #2 ’ these errors to get a
fitted line. general sense of how
well this modeal will
f ith fut
Groups 1and 3 Group 2 - Grl;g HHTe
T r Y Y

...0F W& can compars
these errors to errors
made by another
method.

{

-

Iteration #3 o —

Groups 1 and 2
T T 1 Y

25



For example, we could use 3-Fold
Cross Validation to compare the errors §

from the black line to the errors from  §
the green squiggle.

A

Graups 2and3

Gentle Reminder:
These are the
original 3 groups.

Training Testing

Iteration #1

Again, because
each iteration
uses a different
combination of
data for
Training...

Group 1

Iteration #2

E—

..each iteration
results in a
slightly different
fitted line and
fitted squiggle.

Iteration #3 "&ﬂ _.}

Groups 1 and 2
T T 1

Groups 1 and 3 Group 2

In this case, all 3

T‘;t::, iGgr:;gn iterations of the 3-Fold
Error Cross Validation show

Total Black that the black line does
Line Error a better job making

predictions than the
vs. f green squiggle.

By using Cross
Validation, we can be
more confident that the
black line will perform

better with new data
without having to worry
about whether or not we
selected the best data for
Training and the best
data for Testing.

BAM!!!

NOTE: In this example, the
black line consistently
performed better than the
green squiggle, but this isn't
usually the case. We'll talk
more about this later.

Vs,

Vs,
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Details Part 5

| -
e
)
1%)
O
©
>
N
7))
O
il
O

&

When we have a lot of data, 10-Fold
Cross Validation is commonly used.

DOUBLE
BAM

Then, we iterate so that each
block is used for Testing.

JIIII

()] ]
D — & - T St
W-l.T_ L
@ g .5 ve 250
Tzoe O C v goo |,
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0 -5 ®-= @ _mamm c.E o .
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=
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Cross Validation: Details Part 6

Another commoaonly used form of Cross
Validation is called Leave-One-Out

idati fand uses the one remaiwlwyb and then iterates until every single
point has been used for Testing.

Leave-One-0ut Cross Validation
point for Testing

uses all but one point for Training..:
®,
p
“ T T i “ T T ‘ 13— | i

Hey Norm, how do |
decide if | should use
10-Fold or Leave-0ne-
%, OutCross Validation?

Some experts say that
when the dataset is
large, use 10-Fold Cross
Validation, and when the

dataset is very small, use
Leave-One-Out.

28



Cross Validation: Details Part 7

), And, after doing all of the iterations,

] we're left with a variety of results,
wliss i uselCrnss ".Falldaﬁnn to some showing that the black line
compare machine learning methods, s better
for example, if we wanted to compare .
a black line to a green squiggle...

...sometimes the black line ".
will perform better than the Iteration #3 . Iteration #4
green squiggle... .

o ]

Vs, I FE: Vs, I

Iteration #5 Iteration #6

Iteration #1

...and sometimes the black T s I
line will perform worse than A
the green squiggle. ,
Iteration #2 ...and some showing that
I Vs the green squiggle is better.

—

When the results are mixed, how do we decide
I I 1 which method, if any, is better? Well, one way to
answer that question is to use Statistics, and that's
what we'll talk about in the next chapter.

TRIPLE BAM!!!
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Chapter 03
Fundamental

Concepts in
Statistics!!!




Statistics: Main Ildeas

For example, every time we

The Problem: The world is an order french fries, we don't
interesting place, and things are always get the exact EEHTE
not always the same. number of fries. e

Alternatively, if we have a new
medicine that helps some people
but hurts others...

A Solution: Statistics provides us with a sst of tools
to guantify the variation that we find in everything
and, for the purposes of machine learning, helps us
make predictions and guantify how confident we
should be in those predictions.

For example, once we notice that we
don’t always get the exact same
number of fries, we can keep track of
the number of fries we get each day...

Fry Diary
Monday: 21 fries
...statistics can help us predict who will be helped by the
medicing and who will be hurt, and it tells us how confident
we should be in that prediction. This information can help
us make decisions about how to treat people.

Tuesday: 24 fries
Wednesday: 19 fries
Thursday: 777

For example, if we predict that the medicine will help, but
we're not very confident in that prediction, we might not

recommend the medicine and use a different therapy to
help the patient.

...and statistics can help us
predict how many fries we'll get
the next time we order them,
and it tells us how confident we

should be In that prediction. The first step in making predictions is to identify
trends in the data that we've collected, so let's

talk about how to do that with a Histogram.

21



Histograms: Main Ildeas

The Problem: We have a lot of measurements and
want to gain insights into their hidden trends.

For example, imagine we measured the

Heights of so many people that the data, , ,
represented by green dots, overlap, and We could try to make It easier to see

some green dots are completely hidden. e T Stack'ﬂ_v)---bm measurements
i any that are exactly the same that are exactly the
;' "._ same are rare, and a
lot of the green dots
0-0COTIDOO—0 o—oooc&moo—o are ot hidden
Shorter Taller Shorter Taller _,*‘ u|

A Solution: Histograms ar=s one of the most basic,
but surprisingly useful, statistical tools that we can
use to gain insights into data.

o

Instead of stacking measurements that are
exactly the same, we divide the range of

"1 { ------------- k h hlstﬂgram"l
. wvalues into bins...
. -ﬁ. O o 8 8 O

...and stack the

measurements that fall
. : ...and we end
In the same bin...

. up with a

] :.l‘_
S A Shorter Taller
2 4 \ 4 A
O The histogram makes it easy to see trends in
Shorter Taller the data. In this case, we see that most

people had close to average heights.

BAM!!!



Histograms: Details

Because most of the

We can use the histogram to measurements are inside this
- . estimate the probability of red box, we might be willing
The taller the stack within a bin, getting future measurements. o b Tl B e

the more measurements we

. . s t ke will
made that fall into that bin. . MEASUremMent We maxe wi

be somewhere in this range.

Taller

riiiiiiiiiiiiiii

Ehl:lrter lllllllllllllll

q-.,.?-

Shorter Taller

Extremely short or tall
measurements are rarer and less

likely to happen in the future.
NOTE: Figuring cut how wide to

make the bins can be tricky.
...and if the bins are too narrow,
then they're not much help...

If the bins are too
wide, then they're not
much help...

" % Shorter
-'4
...50, sometimes you have to
try a bunch of different bin
widths to get a clear picture.

In Chapter 7, we'll use

histograms to make
classifications using a machine
learning algorithm called Naive
Bayes. GET EXCITED!!

4
""
+

Shorter Taller

{ BAM!

Shorter Taller




Histograms: Calculating Probabilities Step-by-Step

If we want to estimate the
probability that the next
measurement will be in

...we count the number of
measuraments, or obsarvations,

the number of measurements.
I EMERIETE, ko ""' \) Generally speaking, the more
. measurements you have, the
= more confidence you can have in
the estimate.

this red box... in the box and get 12... g “
F ) s ...and we get 063. In theory, this
: R i. means that 63% of the time we'll
"1 E (’ -3 LLLLLLLL - geta measurementin the red
! L == 0.63 : box. However, the confidence we
- ...and divide by the 19 “essnnass : . : .
- have In this estimate depends on
" total number of

Shm‘ter

To estimate the probability that
the next measurement will be in

this red box, which only *.,

Lwe count the number of
measUurements in the box

and get 1... PTLLLLLLTT
contains the tallest person we ‘-. j o .,
meaaurerj =. llllllll F“' “i
s E (-’ 1 preseeeeg - ..and the result, 0.05, tells us
. : m—=0.05 : that,in theory, there’s a 5%

..and divide by 49 feeerneees chance that the next
the total number measurement will fall within the

- %
: of measurements, box. In other words, it's fairly
. . . : 19.. g .’ rare to measure someone who

Ehnr‘ter « Taller - s really tall.

%IIIIIII‘

--------




Histograms: Calculating Probabilities Step-by-Step

To estimate the probability that the

next measurement will be in a red ...we count the number
box that spans all of the data... of measurements in the
IR box, 19...
t" '*1 ;“ “‘t
:- ------------------------------------------------------ " F’ .
: ; {——' 19 s+=+=: ...andthe result, 1, tells us that
E g ..and divide by " 1g m——= 11 there's a 100% chance that the
: * the total numMber S next measurement will fall within
: » of measurements, the ng. In Dthir E?EE.’ TE
- = maximum probability is 1.
e |o|3 818 jofi
E 0 Taller E

-‘ll"..
1-"-‘ T,
s

...and we get 0. This is the minimum
probability and, in theory, it means

...we countthe number

If we want to estimate the of measurements In the

- that we'll never gst a measurement
Attty dret szt Pox. 0 in this box. However, it could be that
meaagrement will be in the only reason the box was empty is

th's red box.. that we simply did not measure

..... SRR EE (—/ 0 g enough people.
Pl 19 Zeuned

: : ...and divide by the If we measure more people, we may either

: : total number of find someone who fits in this bin or
: : measurements, 19... become more confident that it should be
I.I .I : :I . empty. However, sometimes grlatting more
measurements can be expensive, or take
Shorter “eeaat fallEr a lot of time, or both, This is a problem!!

The good news is that we can solve this
problem with a Probability Distribution. Bam!



Probability Distributions: Main Ideas

The Problem: If we don't _}...hawever, collecting tons
have much data, then we of data to make precise »**"  """w.,
can't make very precise estimates can be time- e

probability estimates
with a histogram...

> 181818 @]

Shorter Taller Shorter Taller

For example, the
relatively large amount of
area under the curve in
this red box tells us that

-:- ---------------------- Ek't. theress 1 rElﬁtiVEl‘f hlgh
: ] probability that we will
measure someons whose
value falls in this region.

A Solution: We can use a Probability Distribution, This blue, bell-shaped curve tells
which, in this exampls, is represented by a blue, bell-
shaped curve, to approximate a histogram.

us the same types of things that
the histogram tells us.

Shorter Taller Shorter esssssssssssssnsnnnnnst Taller
Now, even though we never ...we can use the area ""!DTE: Because we have E
measured somecne who's value fell under the curve to Dlscrf'.-te and Gnnﬁr‘!unus e
in this range... % estimate the probability : data... A -
. of measuring a value in 4 > | £
. this range. ._..there are =
. Discrete and =
Continuous =
Probability _E

Distributions.

Shorter tesd  Taller So let's start by learning about
Discrete Probability Distributions.




Discrete Probability Distributions: Main Ideas

The Problem: Although, technically speaking,
histograms are Discrete Distributions, msaning
data can be put into discrete bins and we can
use those to estimate probabilities...

...they require that we collect a lot of data,
and it's not always clear what we should do
with blank spaces in the histograms.

mathematical equations do all of the hard work for us.

The Binomial %
A Solution: When we have discrete data, instead of collecting Distribution makes § g :
a ton of data to make a histogram and then worrying about ' me want t':'.m” - e
blank spaces when calculating probabilities, we can et e and hide. g~ & ﬁ’ ’

A "
Don't be scared

‘Squatch. If you keep X
One of the most commonly used As you can ses, it's a mathematical equation, so it § reading, you'll find that

Discrete Probability Distributions doesn't depend on collecting tons of data, but, at e it's notas bad asit
is the Binomial Distribution. |least to StatSquatch, it looks super scary!l! looks.

®
- L]
-
i

The good news is that, deep down _ _I- |
inside, the Binomial Distribution is really
simple. However, before we go through it

one step a time, let's try to understand
the main ideas of what makes the
equation so useful,

a7



The Binomial Distribution: Main ldeas Part 1

First, let's imagine we're walking down
the street in StatLand and we ask the

MELE peqplel 202 MR T Iprefer ...and the first 2 people say they ...and the last person
pumpkin pie or blueberry pie... T
prefer pumpkin pie... says they prefer

blueberry pie.

\/
<

Based on our extensive experience judging pie contests in StatLand, we
know that 70% of people prefer pumpkin pie, while 30% prefer blusberry
pie. So now |let's calculate the probability of observing that the first two
people prefer pumpkin pie and the third person prefers blusberry.

Pumpkin Pie Blueberry Pie

- - ...and the probability that the NOTE: 0.147 is the
The probability that the ...and the probability that first two people will prefer probability of observing
first person will prefer the first two people will pumpkin pie and the third person that the first two people
pumpkin pieis 0.7 ... prefer pumpkin pie is 0.49..7 prefers blueberry is 0.147. prefer pumpkin pie and the
. 'n‘ : third person prefers
(Psstl If this math is % (Again, if this math is blueberry...
e blowing your mind, check : blowing your mind, :
s out Appendix A) - check out Appendix A) % "‘
¥ f
0.7 0.7x0.7=049 0.7x0.7x03 =0.147

...iti1s not the probability
that 2 out of 3 people
prefer pumpkin pie.

Let's find out why on the
next pagelll

e & &Na

=28



The Binomial Distribution: Main ldeas Part 2

It could have just as easily been the
case that thejﬂrst pers::-nysaid they Likewise, if only the second person said
orefer blueberry and the last two they prefer blueberry, we would multiply the
- - numbers together in a different order and
sald they prefer pumpkin. In thie case, we would Still gt 0.147. o,

multiply the numbers
together in a different
order, but the probability
.. would still be 0.147 (see
+"  Appendix A for details).

&

0.3x0.7x0.7 =0.147 0.7x03x0.7 =0.147
So, we see that all three ...and that means that the probability of cbserving that 2
combinations are out of 3 people prefer pumpkin pie is the sum of the 3
equally probable... Jonn, possible arrangements of people's pie preferences, 0.441.
™ ": l
pressmmsssnns . gUesssssssssssnsnnns n &
‘VA 0.3x0.7 x0.7i= 0.147 &7& oqar i
: 5 . ) B NOTE: Calculating by
: : ! + : hand the probability of
A 0.7x0.3x0.7 $= 0.147 : :  observing that 2 out of 8
- ! : - people prefer pumpkin
: ! A'A : 0147 :  pie was not that bad. All
AV 0.7x0.7x0.5 _0147, :  we did was draw the 3
: + = different ways 2 out of 3
: : people might prefer
Av‘ - 0.147 : pumpkin pie, calculate
- - the probability of each

way, and add up the
e 0_441 : probabilities.

Bam.



The Binomial Distribution: Main Ideas Part 3

. . : So, instead of drawing out different arrangements of
0 However, things quickly get tedious when we start pie slices, we can use the equation for the Binomial
ki le which pie th fer. ’ - .
B R e L s Distribution to calculate the probabilities directly.
For example, if we ..*'. A
wanted to A n!
calculate the — " X _ n—x
"" probability of p(.lflﬂ, p) - ' | P (1 p)
cbserving that 2 ""‘ X (H _ I) .
".' out of 4 people
prefer pumpkin
pie, we have to ""‘ BAM!!!
v‘v calculate and sum
‘ . the individual In the next pages, we'll use the Binomial Distribution to
. DFDbE—lbIHi’IES from calculate the probabilities of pie preference among 3 people,
- 6 different but it works in any situation that has binary outcomes, like
arrangements ""‘ wins and losses, yeses and noes, or successes and failures.
"‘v .1 Now that we understand why the equation for the
""‘ Binomial Distribution is so useful, let's walk through, ocne
..and there are 10-** step at a time, how the equation calculates the probability
wayg to arrange 3 of observing 2 out of 3 people who prefer pumpkin pie.
out of & people who 1
prefer pumpkin pie.
"‘0.3::0.7::0.?: 0.147
»
-+
' 0.7x0.3x0.7=0.147 = (.441
UGH!! Drawing all of ‘ 0
these slices of delicious +
pie is super tedious. ‘v 0.7x0.7x0.3=0.147

40



The Binomial Distribution: Details Part 1

First, let’'s focus on just the |eft-
hand side of the equation.

In our pie example, X is the

~umber of people who ...n is the number of ...and p is the probability that
refer pum iiﬂ pie S people we ask. In this someone prefers pumpkin
P thigcasﬁ; x E 2’ case, n=3... & pie. In this case, p=0.7...
« Vv ¥
2 px|n, p)

‘._ -..-.‘111-11'-...**
LY
s ™
l-.". i

...and the comma
prnﬁargﬁ?t:s/ the vertical bar or pipe S‘y’mbﬂﬂ/‘bemeeﬂ nand p

means given or given that..
d d means and...

*/f” \_/”

So, the left-hand side reads: “The probability we meet x = 2
people who prefer pumpkin pie, given that we ask n =3 people BAM!
and the probability of someone preferring pumpkin pig isp =0.7."

1“*‘

Gentle Reminder: We're
using the equation for the
Binomial Distribution to
calculate the probability
that 2 out of 3 people
prefer pumpkin pie...

03 x0.7x0.7 =0.147

AV

07 x03x0.7 =0147

7 /.

0.7 x0.7x03 =0.147 5

VA

v |
= 0.441

YUM!
love piell!

4



The Binomial Distribution: Details Part 2

. . . Gentle Reminder: We're
Now, let’s look at the first part on the right-hand side of the using the equation for the

eqguation. StatSquatch says it looks scary because it has factorials ' Binomial Distribution to
[the exclamation points; see below for details), but it's not that bad.

calculate the probability

A,.a-'""_ . that 2 out of 3 people
. . . . , prefer pumpkin pie...
Despite the factorials, the first term simply ...and, as we saw earlier, there are 3 ' g
represents the number of different ways we can different ways that 2 out of 8 people : !
mest 3 people, 2 of whom prefer pumpkin pie... we meet can prefer pumpkin pies, b} 0.3 x0.7 x0.7 =0.147 s
= 'ri"_t_*
. "..h"L ¥ + .

J A
n! 4% 07 x03x07 =0.147

xl(n = )! AV +

0.7 x0.7x0.3 = 0.147

VA

When we plug in
X =2, the number
of people who

..and n =3, the number of ...we get 3, the same

refer oumpkin people we asked, and then ﬂqmber we lgc:wt when we -
& piz... * do the math... did everything by hand. _*-‘1
n! 3! 3! 3x2x1 ‘ A factorial —indicated by an
: = |_| = T = =3 exclamation point—is just the product
X: [’I x)! 21 (3 -2)! 21 (1)t 2x1x1 of the integer number and all positive

integers below it. For example,

Hey Norm, 3

what's a
y factorial?

=3x2x1=6.

NOTE: If x is the number of people who
prefer pumpkin pie, and n is the total
number of people, then (N - x) = the number

of people who prefer blueberry pie.



The Binomial Distribution: Details Part 3

Mow let's ook at the second
term on the right hand side.

- Gentle Reminder: We're

' using the equation for the

Binomial Distribution to
N calculate the probability

The second term is just the

In other words, since p, the
probability that 2 out of the 3 probability that somecone
people prefer pumpkin pie

. that 2 out of 3 people
~~.and there are x = 2 people | prefer pumpkin pie. ..
who prefer pumpkin pieg, the : ek
prefers pumpkin pig, is 0.7. second term =0.72=0.7 x 0.7.

‘l“'a._

‘-l-
-ll..

k]

L]

07x07 =0147 *

p*(1 —p)"™

0.7 x03x07 =0.147 -
) x03 =0.147 :
The third and final ..because ifp is the * ...and ifxisthe number of  § » 5}
term is the probability probability that : people who prefer ‘ ".; y

that 1 out of 3 people someone prefers .." pumpkin pie and n is the K ‘
prefers blueberry pie..: pumpkin pie, (1 -p)is & total number of people we ] 0_441 }
the probability that asked, thenn - x is the - — :

someone prefers number of people who :

blueberry pie... ;" prefer blueberry pie.
Just so you know, sometimes

bl
i
L

peopleletqg =1 -p), and use q
in the formula instead of (1 - p).

: So, in this example, if we plug in f:'
‘ip 0.7,n=3,andx = Ewegetﬂﬂ &
l'.. LT LA 1‘..* '#_:"‘*
A
(1-py

p)y-x=(1-0.7)*2=0.3"=0.3



The Binomial Distribution: Details Part 4

Gentle Reminder: We're
using the equation for the

MNow that we've looked at each part of the equation for the : Binomial Distribution to
Binomial Distribution, let's put everything together and solve for _ o
th hability that 2 out of 3 | t oref <N b : calculate the probability

e probabllity that 2 out of 3 people we meet prefer pumpkin ple. | that 2 out of 3 people

prefer pumpkin pie...

We start by plugging in the number of people who prefer pumpkin
pig, x = 2, the number of pecple we asked, 0 = 3, and the

probability that someone pref:ars pumpkin pie, p =0.7... P, -. e e
v AV
n! | 4 A |
p(x=2|H=3gP=07)= px(l_p)”—l 07 x0.3x0.7 =0.147

x!l(n—x)!

7 /.

0.7 x0.7x0.3 = 0.147

...then we just ' _::
do the math... _ 3! 0.72(1 ~ 0.7)3_2 AV‘ ¥
" ¥\ 213 -2)! - »=0.441

(Past! Remember: the first term is o

the number of ways we can ot
arrange the pie preferences, the "'-.J..,_

second term is the probability that "'-:--,5._

2 people prefer pumpkin pie, and — 2 |
the last term is the probability that o 3 X 07 X (03)

1 person prefers blusberry pie.) .": TR I P L E
...and the result is 0.441, " "=, =3X0.7x0.7%X0.3 ":: BAM ' ' '

which is the same value we ".‘ = EHE N
got when we drew pictures Y SremRnemmasma ety % ‘.*'
of the slices of pie. e i i = 0441 - v o



Hey Norm, | sort of understand the
Binomial Distribution. Is there ancther
commonly used Discrete Distribution that
you think I should know about?

Sure ‘Squatch. We should
probably also learn about the
Poisson Distribution.



The Poisson Distribution: Details

sequences of binary outcomes, like 2 out of 3 people preferring pumpkin pie, but
there are lots of other Discrete Probability Distributions for lots of different
situations.

@ So far, we've seen how the Binomial Distribution gives us probabilities for

For example, if you can read, on average, 10 pages of
this book inan hour, then you can use the Poisson
Distribution to calculate the probability that in the next

L] W
& g
L b‘_

hour, you'll read exactly 8 pages. o Thee,

t‘ ."l

/'_ o ‘__/ _:' NOTE: This ‘e’ is
K

pumEEEE LET ™

[ ]

"i’ Euler's number, which
The equation for the Poisson ‘_#""'*‘;‘ p is roughly 2.72.
Distribution looks super fancy o e *Ax
because it uses the Gresk ==-==*" p(I I /:L) = —
character A, lambda, but lambda < x!

is just the average. So, in this E

example, A = 10 pages an hour. A X is the number of pages we

think we might read in the next
hour. In this example, x = 8.

Now we just plug in the ‘ ...and we get 0.113. Sc the probability that you'll
numbers and do the math... read exactly 8 pages in the next hour, given that,

}.‘ on averags, you read 10 pagess per hour, is0.113.

-
L]
[}

P

& —HI‘LI - l{]loﬁ - l{]loﬁ 4

p(_x:Sl}L:]U):E—:E = ¢ =0.113
x! 8! 8XTXOEXIX4XIX2XI

BAM!!!



Discrete Probability Distributions: Summary

To summarize, we've seen that ...and while these can be useful, they
Discrete Probability Distributions require a lot of data that can be
can be derived from histograms... expensive and time-consuming to get,

- and it's not always clear what to do

passaa about the blank spaces.

Shorter wooot Taller

For example, when we have events that happen
in discrete units of time or space, like reading 10
pages an hour, we can use the Poisson
Distribution.

E_Aﬂx

x!

px|4) =

So, we usually use mathematical
equations, |ike the equation for the
Binomial Distribution, instead.

n!

px|n, p) = pd-=pr

xl(n—x)!

The Binomial Distribution is ussful for anything that has

binary outcomes (wins and losses, yeses and noes, etc.), but
there are lots of other Discrete Probability Distributions.

There are lots of other Discrete Probability Distributions for
lots of other types of data. In general, their equations look
intimidating, but looks are deceiving. Once you know what each
symbol means, you just plug in the numbers and do the math.

BAM!!!

Now let's talk about Continuous

Probability Distributions.
47



Continuous Probability Distributions: Main ldeas

The Problem: Although they can be super useful,
beyond needing a lot of data, histograms have
two problems when it comes to continuous data:

—

L...E] histograms can be very
sensitive to the size of the bins.

N

1) it's not always clear If the bins are too ...and if the bins are too
»==xas what to do about gaps wide, then we lose narrow, it's impossible to
: : in the data and... all of the precision... see trends.

L
‘-ll # @& ll‘ *p
L] 1.‘ -
* *

< Iy 4 Aoy

010188181818 el

Shorter .ot Taller

& -

Shorter Taller

A Solution: When we have continuous data, a
Continuous Distribution allows us to avoid all of

these problems by using mathematical fc-rmulai/—‘
just like we did with Discrete Distributions. In this example, we can use a Normal

Distribution, which creates a bell-shaped
curve, instead of a histogram. t doesn't have a
gap, and there's no need to fiddle with bin size.

There are lots of commonly used
Continuous Distributions. Now we’ll
talkk about the most useful of all, the

Taller Normal Distribution.

Shorter

48



The Normal (Gaussian) Distribution: Main Ideas Part 1

Chances are you've It's also called a Bell-Shaped Curve because it's
seen a Normal or a symmetrical curve...that looks like a bell.
Gaussian

A Normal distribution is symmetrical
about the mean, or averags, value.

distribution
before.

In this example, the curve represents
human Height measurements.

Ehc;rter ﬂweragé Height Talller Weuu, T
The Normal
vvenessaggee Distribution’s maximum
More Likely = e Y S likelihood value oceurs
The y-axis represents ¥ at its mean.
the Likelihood of .= |
cbserving any e,
specific Height. i N
Less Likely #
A Shorter Average Height Taller 'S
: A s
Here are two Normal For exampls, it's relatively ...relatively common to ...and relatively rars
Distributions of the heights rare to see someone who see someone who is close to see someone
of male infants and adults. is super short... to the average height... who is super tall.

Lots of things can be
approximated with Normal

5 B The average istributi ' '
Distributions: Height, birth

male infant is ) Because the normal distribution for

50 cm tall... ...and the infarts has a higher peak than the one % weight, blood pressure, job
. — Irfant - ol male for adults, we can see that there's a satisfaction, and many
, adultis 177 cm higher likelihood that an infant will be morelll
tall. % close to its mean than an adult will be

; close to its mean. The difference in ®
A peak height tells us there's less
variation in how tall an infantis

S0 oo 150 200 compared to how tall an adult is.
Height in cm. 49




The Normal (Gaussian) Distribution: Main ldeas Part 2

The width of 2 Normal
Distribution is defined
by the standard

To draw a Normal Distribution,
you need to know:
deviation.
In this example, the standard deviation
. _ Infant for infants, 1.5, is smaller than the
B = Adult

1) The Mean or average
standard deviation for adults, 10.2...

measurement. This tells you where
: the center of the curve goes.

2) The Standard Deviation of the |
measurements. This tells you how
L tall and skinny, or short and fat, the
curve should be.
...resulting in infants ) Ifyou don't already know about |
having a taller, Wﬂﬂmpared to adults, who have the Mean and Standard .
V..., CUNVE... a shorter, wider curve. Deviation, check out Appendix B. |
T - - — BAMI!
20 100 Height in cm. 150 EEN
A A ¥ A
2 Knowing the standard deviationis ™, :
. helpful because normal curves are '*.* : Hﬂiyt:r,:nrggmsﬁgt
s drawn such that about 95% of the 1% : 5
i measurements fall between +/- 2 W 2
H Standard Deviations around the Mean.
Because the mean
measurement for infants

‘Squatch, hs
was a normal
guylll

; Gauss was like? _#
‘—/\J Because the mean adult
is 50 cm, and measurement is 177 cm, and

2 x the standard deviation = 2 x the standard deviation =

2x15=3, about 95% of the 2 x10.2 = 204, about 95% of
infant measurements fall the adult measurements fall
between 47 and 53 cm. between 1566 and 197.4 cm.

50



The Normal (Gaussian) Distribution: Details

The equation for the Normal Distribution looks
scary, but, just like every other equation, it's just a

To see how the equation for the :
Normal Distribution works,

matter of plugging in numbers and doing the math.

f(xlu, o) =

let's calculate the likelihood (the
2 2
—(x—u)26°
€
A R

v, V2702

"
-

y-axis coordinate) for an infant ‘,-'.
that is 50 cm tall. seaees=*

Since the mean of the
distribution is also 50 cm,
we'll calculats the y-axis
______ o reasessEREREEERaLL coordinate for the highest
. ""-.... part of the curve.
x is the x-axi sh'*-h,;rhe EEELS B Lastly, the Greek
coordinate. So, in H. mu, represents character o, sigma, |
this example, the x- dlthtelgn?gﬂ le t;ﬁ. represents the Hei I'?tDin o
axis represents SrPUIEN. AN IS otandard deviation of J '
Height and x = 50. case, p = 90. the distribution. In
. '_.*" e this case, 0 = 1.5.
| 4 | 4
fx=30|u =350, 0

1
\ 2762

Il
[
Y-
o —
Il
(-

24 2
¢ —(x—p)2c

Now, we just do —
the math....

...and we see that the

likelihood, the y-axis
vV 14.1

coordinate, for the tallest
—(50-50)%/(2x1.5%)
= e
\/271.52

point on the curve, is
cessssssssnnnns -

_ E—{Fmiﬁ
v 14.1

Remember, the output from the equation, the y-axis coordinate,
is a likelihood, not a probability. In Chapter 7, we'll ses how
likelihoods are used in Naive Bayes. To learn how to calculate
probabilities with Gontinuous Distributions, read on...

51



Calculating Probabilities with Continuous

Probability Distributions: Details

...or shortand fat

For Continuous Probability Distributions, Regardless of - istribution i
probabilities are the area under the curve hc:nwl tall and
between two points. skinny...

i‘*i A"

&
J

— “‘
l‘.

...the total area under its curve is 1. Meaning,
the probability of measuring anything in the
range of possible values is 1.

"l_ T
« 1B6B.8 cm

T T
142.5cm By 155.7cm

" _.-"" Height in cm “'.‘
1 ...is equal to this area | .
’ under the curve, which One confusing thing about Continuous

For example, given this Normal Distributions is that the while the likelihood

in this example is 0.48.

Dis;r:nucf;r: h;::ig:::nnf;_gﬁi:ﬂd So, the probability is fora speciﬂclmeasur}emen’[, like 1557, is
probability of getting a ﬁ:eas,;remem 0.48 that we will A 7" the y-axis coordinate and > 0..°

e L L e measure someaons in Likelihood =
| this range. ...the probability

for a specific
There are two ways to calculate the area
under the curve betwesn two points:

1) The hard way, by using 2) The easy way, by using a 142.5 cm 155.7 cm 188.0 cm
calculus and integrating the  computer. See Appendix C
equation between the two for a list of commands.
points @ and b.

Another way is to realize that a continuous
distribution has infinite precision, thus,
we're really asking the probability of

Ore way to understand
why the probability is 0
iz to remember that

b Area = B.48 probabilities are areas, measuring someone who is exactly
Jf(x) dx ““"n_ and the area of 155.7000000000000000000000
a % BAM!II something with no 00000000000000000000000000000000000

width is 0. 000000000000000000000000000000... tall.

UGH!!! NO DNE':
ACTUALLY DOES THIS!!

measurementis 0.
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Norm, the Normal Distribution is
awesome, and, to be honest, it sort of
looks like you, which is cool, but ars
there other Continuous Distributions
we should know about?

Sure *Squatch! We should
probably also learn about the
Exponential and Uniform
Distributions.



Other Continuous Distributions: Main ldeas ————"
USiI‘Iﬂ Distributions To Generate
Random Numbers

Exponential Distributions are commonly used when
we're interested in how much time passes betwesn
events. For example, we could measure how many

minutes pass betwesn page turns in this book.

We can get a computer to generate
numbers that reflect the likelihoods of
any distribution. In machine learning,
. we usually need to generate random

More Likely ! numbers to initialize algorithms before §
training them with Training Data.
Random numbers are also useful for
randomizing the order of our data,
which is useful for the same reasons
. we shuffle a deck of cards before
Less Likely ,
playing a game. We want to make sure§
5 everything is randomized.
Uniform Distributions are commonly NOTE: Because there are fewer values between 0 and 1
used to generate random numbers than between 0 and 5, we see that the corresponding
that are equally likely to occur. likelihood for any specific number is higher for the
N , Uniform 0,1 Distribution than the Uniform 0,5
For example, if L LTRTPRLE Distribution.
want to select b
random numbers More Likely More Likely : More Likely
between 0 and 1, Y :
then lwould use a 1 B
Uniform 3
Distribution that s
goes from O to 1, ™" ttee.,, U
which is called a .,
Ll_nlfc_:urm .ﬂ,1 Less Likely A Less Likely | - Less Likely
Distribution, [']_: 5 . é 0 va 5
because it 4 g
ensures that every In contrast, if | wanted to generate random o Uniform Distributions can ‘:-
value between 0 numbers between 0 and 5, then | would use a span any 2 numbers, so we o
and 1is equally Uniform Distribution that goes from 0 to 5, could have a Uniform 1,3.5 °
likely to occur. which is called a Uniform 0,5 Distribution. Distribution If we wanted one.



Continuous Probability Distributions: Summary

Just like Discrete Distributions, Continuous
Distributions spare us from having to gather ...and, additionally,

tons of data for a histogram... _.? Continuous Distributions

also spare us from having

= T T LT L L L e to decide how to bin the .y
D: 181 em "-.._‘ data. ,..
— 152 cm Eh!:rter | Talltlar
= § "
E 3 oo o | o
._—-, Shm‘ter O I I I(?a!ler Shorter o

Instead, Continuous Distributions use equations
that represent smooth curves and can provide
likelihoods and probabilities for all possible

Like Discrete Distributions, there are Continuous
Distributions for all kinds of data, like the values

; L we get from measuring people’s height or timing
MeasUrements. < _,.**': how long it takes you to read this page.
2 2 =
f(_];j I H, f}') = g_(“:—#} /20 -_f: In the context of machine learning, both types
2 g s of distributions allow us to create Models that
o 3 can predict what will happen next.

So, let's talk about what Models are and how
to use them.

small but mighty) BAM!!
Shorter Average Height Taller II ghty)



Models: Main Ideas Part 1

The Problem: Although we could ...collecting alf of the
spend a lot of time and money to data in the world is
usually impossible.

build a precise histogram...
| 3 | i | ; | © | |0|0|3|§|;|!|3| ] \gm_ml
Taller

Shorter

Shorter Taller

A Solution: A statistical, mathematical, or machine

learning Model provides an approximation of
reality that we can use in a wide variety of ways.
)’ Another commonly used model is
the equation for a straight line.
Here, we're using a blue line to
model a relationship between
Weight and Height.

ant

A Probability Distribution is a
type of model that approximates A&
» a histogram with an infinite 0.7 <
. amount of data. o
: Height © v
Height = 0.5 + (0.8 x Weight)
- T .
Weight

Taller

Shorter



Models: Main Ideas Part 2

Models, or equations, can tell us
about people we haven't

As we saw in Chapter 1, models need Training measured 5"51-"5(
Data. Using machine learning lingo, we say For example, if we
< that we build models by training machine 0O want to know how tall
: learning algorthms. o Wi A ®) somenns is Who
.". Height O: welghs ﬂ:ns much...
"H. G ﬂ E -"“""'-.-.4"'
o © ¥
. ®) :
Height o W 'lh %‘ ..we plug the
Height = 0.5 + (0.8 x Weight) eight Weight into the
equation and solve
Weight for Height...
Height = 0.5 + (0.8 x Weight) (J
Height = 0.5+ (0.8 x 2.1) v.
Because models are only approximations, - _ W CCTTTTTTS ..‘ ...and get
it's important that we're able to measure Height = 2.18 o218
the quality of their predictions.
These green lines show the In summary:

distances from the model’s
predictions to the actual data points. 1) Models approximate reality to let us

. %'L explore relationships and make predictions.
& 6 2) In machire learning, we build models by training
: machine learning algorithms with Training Data.
1 >
(P 3) Statistics can be used to determine

ifa model is useful or believable.

A lot of statistics is dedicated
-1 O to gquantifying the quality of Bam!
the predictions made by a o .
model. Now |et’s talk about how statistics can quantify

the quality of a model. The first step is to learn
about the Sum of the Squared Residuals, which
is something we'll use throughout this book.




The Sum of the Squared Residuals: Main Ildeas Part 1

The Problem: We have a model that makes predictions. Inthis cesse=*" ’
case, we're using Weight to predict Height. However, we need to
quantify the quality of the model and its predictions.

Weight

A Solution: One way qguantify the quality of a
model and its predictions is to calculate the

Sum of the Squared Residuals. ?
»

Visually, we can drawﬂ ......................
A/"\/ Residuals with these "
o | green lines.
As the name iImplies, we start by calculating ”*‘:L Q
Residuals, the differences between the Observed
+ values and the values Predicted by the model. /\—/ 6

Since, in general, the smaller the
— —— R — i . Residuals, the bstter the model fits the
4 | ' data, it's tempting to compare models by

Residual = Observed - Predicted ! comparing the sum of their Residuals,
] but the Residuals below the blue line ¥

: , , - . wn:nuld cancel out the ones above it
: The Sum of Squared Residuals (SSR) | l

' is usually defined with fancy Sigma notation and the < So, instead of calculating the sum of the

n = the number of § right-hand side reads: “The sum of all observations of e, Residuals, we square the Residuals first
Observations. ! the squared difference betwesn the observed and ", ~ and calculate the Sum of the Squared
. predicted values.” : Treanuet? Residuals (SSR).
RN JRNSPTTr apasssrranaEEEEETEA .., i.., The Sigma
treaaas " - It symbol, Z, tells  NOTE: Squaring, as cpposed to
i =theindex for § A& ¥ ustodoa taking the absolute value, makes it
cach Observation. |  SSR =Z(ObSEWEd" - Predicted)? § summation.  easyto take the derivative, which
For example,i=1 § - will come in handy when we do

refers to the first «. ) Gradient Descent in Chapter 5.

Observation.

---nll""';TI ,=l

'..'...
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The Sum of the Squared Residuals: Main ldeas Part 2

So far, we've looked at the SSR only in terms ...and here's an example of the Residuals for
of a simple straight line model, but we can a sinusoidal model of rainfall. Some months
calculate it for all kinds of models. are more rainy than others, and the patternis
cyclical over time. If you can calculate the
Q Residuals, you can square them and add
i 6 Here's an example of the :"t'; LIS
Q,(_ Residuals for altitude vs. time '«

"*te- for SpaceX's SN9 rocket... J :
v ?

Altitude , |
? é) oo Rainfall Q 6 Q é

Time

:;T:Jih?etesgizuf;ﬁtv.instead of the shortest distance,
distance to the model... the pErpen_dlcu lar distance... --.,1

*n.#)_? ""'}Q- b thb ecause,l ' Now that we understand
'S example, the main ideas of the

- erpendicular .
Height Q 2% Fﬁﬂeps resultin SSR, let's walk thr::-ggh
Height 6 : an example of how It's

-
-

different Weights

0 : . for the Observed calculated, step-by-step.
O : B and Predicted
v "tea, i Heights.
v A Yy g
1 T ., Weight
Weight *

In contrast, the vertical distance allows both
the Observed and Predictaed Heights to
correspond to the same Weight.



Observations, so n = 3,

SSR Step by-Step In this example, we have 3 | DbEWd ."} .
@ } Predicted =...p

and we expand the Residua| = ‘
1 ? summatlclﬂ into 3 terms.
> S .‘, Fori=1,the
1 Q term for the first
Observation...
$ WIS SRR ST E (Observedi; - Predicted;)? e [
4 Residuals (SSR) (19 -1.77 | <=
=1 }‘ 1
-u-i-"""""""l ------- s R—
| I l I *:‘
_ - I e
SSR = (Observed; - Predictedy) For i=2, the term _
v for the second
@ e e +" + (Observeds - Predicteds)? <-.. Observation...
the summation, we o oy | B CTTPrr
plug in the et .t % (16 - 2.0)2 < é)
Residuals for =-.... + (Observeds - Predicteds) « |
each Observation. re, apannt
-I..-.-‘ %
4“ .‘.
SSR=(1.9 - 1.7)?
Now, we just do the math, _ 0 >y For i =3, the term
and the final Sum of Squared +(1.6-20) **-.‘ for the third
Residuals (SSR) is 0.69. +(2.9- 2 22 Observation... - <
FENNEENENNEEED h'.* o LT T L 1" [2'9 2'2]2 * IIIIIIIIII ?
= 0.69 i
S ssssssEsEEEE "

Dcon't get me wrong, the SSR
iz awesome, but it has a pretty
big problem that we’ll talk
about on the next page.

BAM!



Mean Squared Error (MSE): Main ldeas

The Problem: Sum of the Squared Residuals (SSR),
although awesome, is not super easy to interpret because
it depends, in part, on how much data you have.

Now, if we have a second dataset that
includes 2 more data points added to

the first one, and the Residuals are - I
and 2, then the SSR increases to 22.

For example, if we start with a simple dataset with
3 points, the Residuals are, from left to right,
+1,-3, and 2, and the SSR = 14.

- S, However, the
L s RN increase in the SSR
N from 14 to 22 does
s % e, e ? not suggest that the
: ! e, : second model, fitto
*:' : A the second, larger
?"‘ 4 6 dataset, is worse

than the first. It only
tells us that the
model with more
data has more
Residuals.

A Solution: One way to compare the two models that may be fit
to different-sized datasets is to calculate the Mean Squared
Error (MSE), which is simply the average of the SSR.

The Sum of Squared

n
. . i A2
Mean Squared Error _ Residuals (SSR) Z(Observed, Predicted;)

(MSE) Number of Bt n
Observations, n

1



Mean Squared Error (MSE): Step-by-Step

@ Now let’s ses the : o ' n

MSE in action by 1 E . _ ' A

calculating it forthe ¥ Mean Squared Error (MSE) = SSR _ (Observed; - Predicted)
two datasetsl!!! n i=1 n

The first datasst has only 3 points The second dataset has 5 points and the
and the SSR = 14, so the Mean SSR increases to 22. In contrast, the
Squared Error (MSE) is 14/3 = 4.7. MSE, 22/5 = 4.4, is now slightly Iawer.""""*
Lo Y So, unlike the SSR,
& ", ? *:" % which increases when
> ., . S we add more data to
? SSR 14 - SSF-I’|i~ 224 the model, the MSE
— — = 47 — 44 can increase or

? n 3 n 5 decrease depending
é on the average

residual, which gives

us a better sense of
how the model is

performing overall.

Unfortunately, For example, if the y-axisisin However, if we change the y-axis to meters, then the
MSEs are still millimeters and the Residuals ars 1, Residuals for the exact same data shrink to 0.001, -0.003,
difficult to s =3, and 2, then the MSE = 4.7. and 0002, and the MSE is now 0.0000047. It's tiny!

interpret on their

/\/

own because the 1_
maximum values m'i ? ? g ) i |
= e good news, however, is
Ssszeﬂﬂfdtﬁ; ,ija_ = 20 e 0.0z that both the SSR and the
E ? o ? MSE can be used to calculate
Z10 é E 001 6 something called R2, which is
independent of both the size

of the dataset and the scale,
so keep reading!

B2



R2: Main ldeas

o
The Problem: As we just saw, the MSE, although ‘.-" MSE = 4.7 _MSE Slebe tls s by
totally cool, can be difficult to interpret because it &
depends, in part, on the scale of the data. ::‘ (P (i)
In this example, changing the units _,r‘k millimeters (;} meters (;)
from millimeters to meters reduced o (5 (5
the MSE by a lotl] *ssvarasase*™

A Solution: R2, pronounced R squared, is a
simple, easy-to-interpret metric that does not
depend on the size of the dataset or its scale.

R2 then gives us a
*N " compare itiﬂ - SSE or MSE perc&ﬂtﬁgﬁ of how much the

around the model we're interested in. predictions Improved by

In this case, that means we calculate using the model we're
SSR or MSE around the mean y-axis value. In ’ i Tal i
y the SSR or MSE around the blue line lrgg=tiztenfsle) Uy e srgzle) i A

this example, we calculate the SSR or MSE the mean.

around the average Height... }hat uses Weight to predict Height K\/

In this example, R would tell us how

. O much better our predictions are when
. (b we use the blue line, which uses

: Weight to predict Height, instead of
é) predicting that everyone has the

Typically, R2 is calculated by comparing the

average Height.

(@) Kw

R2 values go from 0 to 1 and are
interpreted as percentages, and the closer
i the value is to 1, the better the model fits
the data relative to the mean y-axis value.

Height

Now that we understand the main
ideas, let's dive into the details!l!



R2: Details Part 1 Then, we calculate the SSR for the fitted

line, SSR[fitted line), and get 0.5.
b

First, we calculate the Sum of the Squared Y NOTE: The smaller
Residuals for the mean. We'll call this SSR the o % Residuals around the
SSR(mean). In this example, the mean Heightis 1.9 i:' O ‘f._ fitted line, and thus
and the SSR[(mean) = 1.6. o “ the smaller SSR given
9 “‘-"_;' Q % the same datasst,
g ) % suggest the fitted line

...‘--*"“ ‘ ] Height 6 » does a better job
. A J 0 : making predictions

than the mean.

Height SSRmean)=(2.3-18)?
1 +(1.2-192 +(2.7-1.9¢ ;
+(1.4-19P+ (2.2 - 1.9 RREG A
h e 1 e SSRifitted line) = (1.2 - 112 + (2.2 - 182 + (1.4-1.9)2
Teansaaa ; + (2.7 -2.42 + (2.3- 2.5
: =05 :
Now we can calculate the R2 N .
value using a surprisingly
simple formula...

In general, because the numerator for R2...
SSR(mean) - SSR(fitted line)
...1s the amount by which the SSRs shrank when we fitted

SSR(mean) - SSR(fitted line)

' P2 _

SSH(mean) the line, R? values tell us the percentage the Residuals
- I around the mean shrank when we used the fitted line.
- When SSR(mean) = SSR(fitted line), : _
= Lo-0° ...and the result, 0.7, tells us  then both mﬂ[dels’ p]redictiﬂ[ns are EI:m:IaII‘_-.»r When SSRffitted I'"E]_= 0,
1.6 that there was & 70% good (or equally bad), and R2 = 0 meaning that the fitted line fits
- : reduction in the size of the _ 2 the data perfectly, then R2 = 1.
: = 0.7 : Residuals between the SSR(mean) - SSRifitted line) «* : S Y
Sreeesennnnd o eeees®™ Mean and the fitted line. SSR(mean) b %
0 SSR(mean) -0 SSR(mean)

= SRR 0 =" SSR(mean)  SSR(mean)



R2: Detalls Part 2

NOTE: Any 2 random _/
' = R

because regardless of the

-SSH(mean) - SSH(fitted line) |}
SSR(mean)

.

.the Residuals around a

data points have R = 1... esiduals around the mean... fitted line will be O, aﬂd
4 % - o, Tt SSR[mean) -0
SSR(mean)
"ﬂ 'ia ‘.:. "..-‘ I|.l.__d-- “.
S e L IS b 4 SSR(mean)
% 0 ~ SSR(mean)
O
@]

Because a small amount of random data can have a high (close to 1) R?, any time we ses a trend in a
small dataset, it's difficult to have confidence that a high R value is not due to random chance.

If we had a lot of data
organized randomly usmg
a random ID Number, w
would expect the graph tn:n

..and have a relatively
small ([close to 0) R2
because the Residuals
would be similar.

In contrast, when
we see a trend ina
large amount of

data I|ke this..

.. We can, intuitively, have morse
canﬂdence that a large R2 is not

look like this.. due to raﬂdc:nm chance.
2O 4 s "t '
© O o O Q@

ID Mumber

D Number

|
o
o

Ei
.EM “g .

|0 Number Weight

¥
Weight Weight

Never satisfied with intuition, statisticians developed something called p-values to quantify how much
confidence we should have in R2 values and pretty much any other method that summarizes data. We'll
talk about p-values in a bit, but first let's calculate R2 using the Mean Squared Error [MSE).



MSE(mean) - MSE(fitted line) ..,

using the Mean Squared Error (MSE). }

So far, we've calculated R2 using the Sum of the Squared
Residuals ([SSR), but we can just as easily calculate it

First, we rewrite the MSE in
., terms of the SSR divided by the

MSE(mean) " size of the dataset, n...
l#:-" (_)
SSR(mean)  SSRifitted line)
- ...then we
_ n n consolidate all of
- SSR(mean) the division by n
;" into a single term...
N g aamannen us :
Y
SSR(mean) - SSR(fitted line) p
j— I — .:{ | H
n ...and since
SSHI:ITIEEI'I) v. N divided by
":_1. nis ...
A

SSR(mean)

SSR(mean) - SSR(fitted line) .
E———————————————— Y,

can calculate R?2 with the SSR or MSE, whichaver is

R2 ..we end up with R2 times 1, which is just R2. So, we
readily available. Either way, we'll get the same value.

BAM!!!

Calculating R? with the Mean Squared Error (MSE): Details

Gentle Reminders:
! Residual = Observed - Predicted

' SSR = Sum of Squared Residuals !

; M
' SSR = )" (Observed; - Predicted)?
i=1
SSR |
— |

...where n is the sample size |

' Mean Squared Error (MSE) =

{ -, SSR(mean) - SSR(itted line)
e SSR(mean)

Now that we can calculate
R2 two different ways, let's
answer its most frequently
asked questions on the
next pagel




Can R2 be negative?

When we're only comparing the mean to
Does R? always compare the mean to a straight fitted line?

a fitted line, R? is positive, but when we
The most common way to calculate R? is to compare the mean to a

compare other types of models, anything
can happen.
fitted line. However, we can calculate it for anything we can calculate ,
the Sum of the Squared Residuals for. For example, for rainfall data, For exam.ple, |f_we use R? to compare a
we use R2 to compare a square wave to a sine wave. straight line to a parabola...

?»:f o |
? $Q"_$ S

RSS(straightline)=5 RSS(parabola) =12

Hainfall

an®

. Time Tirme L ]

= i SSR(line) - SSR(parabola)
T In this case, we calculate R2 based on the o R2 = W
] Sum of the Squared Residuals around ~_.+*
s “*.._,_ the square and sine waves. O 5-19

i-.' -'”"..”““"'l;_ “‘4“ R2 — T = -1 .4

", Y 4

. R SSR(square) - SSR(sine) ...we get a negative R value, -1.4,
g = e e and it tells us the Residuals
R SSR(square)

increased by 140%.

Yes! If you can calculate Pearson’s correlation ' ' '
Is B2 related to Gnefllmienlt p [the Greek chgracter rho) or r, fora EEE
Pearson's correlation 'Elationship between two things, then the square
coefficient? of that coefficient is equal to R2. In other words..

p2=r2 = R?

Now let's talk
...and now we can see where R2 got its name.

about p-valuesl!!

E7



p'values: Main Ideas Part 1 So we gave Drug A to W.aﬂd we gave Drug B to

and they were cured... ancther person and they
) & were not cured.

The Problem: We need to

quartify how confident we should
be in the results of our analysis. E ‘:‘ -
A Solution: p-values give us a Drug A Drug B
measure of confidence in the D D
results from a statistical analysis.

NOTE: Throughout the ! Imagine we had two antiviral
description of p-values, we’ll # drugs, A and B, and we wanted to Can we conclude that Drug A is different from Drug BY

only focus on determining know if they were different.

1" i
whether or not Drug A is : L, Nolll Drug B may have falled for a lot of reasons. Maybe
| different from Drug B. If a p- | A

ot *e. this person is taking a medication that has a bad
. A interaction with Drug B, or maybe they have a rare allergy
value allows us to establish a Drug A Drug B to Drug B, or maybe they didn't take Drug B properly and
¢ difference, then we canworry .:) Vs D missed a dose.
tabout whether Drug A s better )
or worse than Drug B. 4 Or maybe Drug A doesn’t actually work, and the placebo
; effect deserves all of the credit.

There are a lot of weird, random things that can happen
when doing a test, and this means that we need to test

So, we redid the experiment with each drug on more than just one person.

lots and lots of people, and these
were the results: Drug A cured a |ot

of people compared to Drug B,\_/ﬂ
which hardly cured anyone. Now, it's pretty obvious that Drug Ais different from Drug B

Y because it would be unrealistic to suppose that these results were
Y due to just random chance and that there's no real difference
~ £y between Drug A and Drug B.
Drug A _:: *'i_ Drug B It's possible that some of the people taking Drug A were actually

cured by placebo, and some of the people taking Drug B were not
cured because they had a rare allergy, but there are just too many

Cured!! | NotCured Cured!! | NotCured people cured by Drug A, and too few cured by Drug B, for us to
seriously think that these results are just random and that Drug A

1,043 3 2 1,452 is no different from Drug B.

B8



In contrast, let's say that these were the results...

Drug A ‘.*" "*.‘* Drug B
@ ~ 2 @)
73 125 53 131

...and 37% of the people who took Drug A were cured
compared to 31% who took Drug B.

Drug A cured a larger percentage of people, but given that no

study is perfect and there are always a few random things that

happen, how confident can we be that Drug A is different from
Drug BY

This is where p-values come in. p-values are numbers
between 0 and 1 that, in this example, quantify how confident
we should be that Drug A is different from Drug B. The closer

a p-valueis to 0, the more confidence we have that Drug A
and Drug B are different.

So, the guestion is, *how small does a p-value have to be
before we're sufficiently confident that Drug A is different from
Drug BY"

In other words, what threshold can we use to make a good
decision about whether these drugs are different?

] r
p-ValueS: Maln Ideas Part 2 : In practice, a commonly used threshold is 0.05. It
means that if there’s no difference betweesn Drug

A and Drug B, and if we did this exact same

experiment a bunch of times, then only 5% of

those experiments would result in the wrong
decision.

Yes! This wording is awkward. So, |et’s go through an
example and work this out, one step ata time.

Imagine we gave the same drug, Drug A,
to two different groups.

Drug A A4 Drug A

Now, the differences in the results can definitely be attributed to
weird, random things, like a rare allergy in one person or a strong
placebo effect in another.

Drug A o ", Drug A
a » « @
Cured!!l | NotCured
73 125 71 127

p=0%8

‘{In---..u ---------- *'-"
When we calculate the p-value for these data usinga
Statistical Test (for example, Fisher's Exact Test, but _."
we'll save those details for another day) we get 09...*

...which is larger than 0.05. Thus, we would say that we fail to see

a difference between these two groups. And that makes sense
because both groups are taking Drug A and the only differences
are weird, random things like rare allergies.



p-values: Main Ideas Part 3

0 However, every once in a while, by random

chance, all of the people with rare allergies
If we repeated this same experiment over

might end up in the group on the left...
Drug A J
and over again, most of the time we would
get similarly large p-values...
Drug A

F Drug A
<"

*  Drug A Cured!!! NotCured Not Cured

& : @D EE‘ 148 . oy

: 30% Cured 42% Cured '

*

Cured!!!

...and by random chance, all of the people *.:
with strong (positive) placebo reactions »
b

might end up in the group on the right...'.

...and, as a result, the p-value for this specific run of the

experiment is 0.01 (calculated using Fisher's Exact Test, but

we'll save those details for another day), since the results are
pretty different.

»

Thus, because the p-value is < 0.05 (the threshold we're using
etc.

for making a decision), we would say that the two groups are
etc.

different, even though they both tock the same drug!
etc. .
etc. etc.

etc. TERMINULUE’Y ALERTH!
etc. etc. etc.
69 129 71

Getting a small p-value when

¥ thereis no difference is called a
127

p=05

False Positive.

A 0.05 threshold for p-values means that 5% of the
experiments, where the only differences come from weird,
random things, will generate a p-value smaller than 0.05.

In other words, if there’s no difference between Drug A and
Drug B, in 5% of the times we do the experiment, we'll get a p-
value |ess than 0.05, and that would be a False Positive.

70



p-values: Main ldeas Part 4

If it's extremely important that we're correct when we
say the drugs are different, then we can use a smaller
threshold, like 0.01 or 0.001 or even smaller.

Using a threshold of 0,001 would get a False
Positive only once in every 1,000 experiments.

Likewise, if it's not that important (for example, if
we're trying to decide if the ice-cream truck will arrive
on time), then we can use a larger threshold, like 0.2.

Using a threshold of 0.2 means we're willing to gst a
False Positive 2 times out of 10.

That said, the most common threshold is 0.05
because trying to reduce the number of False
Positives below 5% often costs more than it's worth.

TERMINOLOGY ALERT!!!
In fancy statistical lingo, the idea of trying
L to determine if these drugs are the same

or not is called Hypothesis Testing.

| The Null Hypothesis is that the drugs are
the same, and the p-value helps us
decide if we should rgject the Null
Hypothesis.

where we compared Drug Ato Drug B...

s
)
L

Drug A o "': Drug B

L]

@ Now, going back to the original experiment,

Cured!!! | NotCured Cured!!!  NotCured
Fit: 125 59 131

...if we calculate a p-value for this experiment and the
p-value < 0.05, then we'll decide that Drug A is different
from Drug B.

That said, the p-value = 0.24, [again calculated using
Fisher's Exact Test), so we're not confident that Drug A
is different from Drug B.

7



p-values: Main ldeas Part 5

)‘ In contrast, this experiment involving a lot more people
gives us a smaller p-value, 0.04, sven though there's

only a 1-point difference betwesen Drug A and Drug B.

While a small p-value helps us decide if Drug Ais different
from Drug B, it does not tell us how different they are.

In other words, you can have a small p-value regardless of
the size of the difference between Drug A and Drug B.

The difference can be tiny or huge. . a
Drug A o % Drug B

For example, this experiment gives us a relatively large .
p-value, 0.24, even though there’s a 6-point difference D p-

between Drug A and Drug B.
stween Drug A and Drug Cured!!! | Not Cured

T 5.005 9,868 4,800 9,000
349% Cured 35% Cured

Cured!!! | Not Cured

Drug A &

In summary, a small p-value does not imply
Cured!!! | NotCured that the effect size, or difference betwean
Drug A and Drug B, is large.

Cured!!! | NotCured
Fit 125 59 131
37% Cured 31% Cured

H -

MNow that we understand

¥ the main ideas of p-values, §
let’s summarize the main J#
EEE % ideas of this chapter.

=

UBLE B
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The Fundamental Concepts of Statistics: Summary

However, histograms have limitations (they need a
lot of data and can have gaps), so we also use
probability distributions to represent trends. We'll
learn how to use probability distributions to make
classifications with Naive Bayes in Chapter 7.

3355852

We can see trends in data with histograms.
We'll learn how to use histograms to make
classifications with Naive Bayes in Chapter 7.

Shorter Taller Shorter Taller
Rather than collect all of the data in the whole wide We can evaluate how well a model reflects the
world, which would take forever and be way too data using the Sum of the Squared Residuals
expensive, we use models to approximate reality. (SSR), the Mean Squared Error [MSE), and R2.
Histograms and probability distributions ars We'll use these metrics throughout the book.
examples of models that we can use to make o e P P LW R S AP SR b
predictions. We can also use a mathematical formula, ' Residual = Observed - Predicted
like the equation for the blue line, as a model that
: makes predictions. | SSR = Sum of Squared Residuals
:'l O o Throu?hout tp!s t:ulmk, Iwe’ll '_ i
create machine learming 3 N : e
Height %70 models to make predictions. '_ SSR = E(Dbserved, Predicied,)
O Height = 0.5 + (0.8 x Weight) ' =
. SSRH
- : . Mean Squared Error (MSE) =
Weight n

...where n is the sample size

Lastly, we use p-values to give us a sense of how

much confidence we should put in the predictions ' SSR(mean) - SSR(fitted line)
that cur models make. We'll use p-values in ' R2 =

Chapter 4 when we do Linear Regression. SSR(mean)




TRIPLE BAM!!!




Chapter 04
Linear Regression!!!



Linear Regression: Main ldeas

The Problem: We've collected
Weight and Height measurements
from & pecople, and we want to use
Weight to predict Height, which is

L continuous..:

#
=
]

*.and in Chapter 3, we |learned that
we could fita line to the data and However, 1) we didn't talk about
use it to make predictions. how we fit a line to the data...

O S Dé ...and 2) we didn’t calculate a p-value for the
: O » _-‘ Q fitted line, which would quantify how much

; < confidence we should have in its predictions
Height O" 0 * 6 compared to just using the mean y-axis value,

NOTE: Linear Regression is the gateway

A Sﬂ|utlﬂﬂ: UHEEI' HEHI‘ESEiGﬂ fl'-tE a |iI'IE ] 0 tc, a QeﬂeraJ techﬂique Da”ed Linear
to the data that minimizes the Sum EV)'"EM Sl | [ e e BT

. data, we can easily calculate R2,
S I:Iesmuals E e .« which gives us a sense of how

accurate our predictions will be...

f‘a O
0 % . ° g

evaluate models that go way beyond
fitting simple straight lines to datalll

L
a®

i (P 6
Height RZ = 066 "'.a”d Linear Regression provides us (5 cl)
O p-value = 0.1 with a p-value for the R2 value, so we
.+ can get a sense of how confident we . _ . .
ST should be that the predictions made Time
with the fitted line are better than
. Weight' ; predictions made with the mean of the BAM!!!

y-axis coordinates for the data.



Fitting a Line to Data: Main ldeas

Imagine we had Because the heavier Weights are
Height and Weight paired with taller Heights, this line

' dataona graprj...\ makes terrible predictions.

] Q ...and we s
< | e O  wanted to s
Lo " predict o
= 10 0 = Height from
Weight.
—— ¥
Weight et
I Weight
_..This line, which has a different J:"""""""'m_

~y-axis intercept and slope, gives
+ us slightly smaller residuals and
: a smaller SSR...

Q ?‘?
O

F S5R
<
Height b

Weight
...and this line has even

smaller residuals and a r..and this line has larger
smaller SSR... residuals and a larger SSR.
X %o
Height A4 O

Weight

We can guantify how bad these
predictions are by calculating the
Residuals, which are the

differences between the Observed
kand Predicted heights...

> "
N9
Height O

#

Weight

...and using the
Residuals to
calculate the
Sum of the

Squared
Residuals
(SSR).

Then we can plot the SSR on

“"*eusnuaaane this graph that has the SSR on

the y-axis, and different lines fit
to the data on the x-axis.

As we can see on the graph, different
values for a line's y-axis intercept and
slope, shown on the x-axis, change the
SSR, shown on the y-axis. Linear
Regression selects the line, the y-axis
intercept and slope, that results in the
minimum SSRA.

BAM!!!

[



Fitting a Line to Data: Intuition

One way to find the lowest point
inthe curve is to calculats the «,
derivative of the curve [NOTE: If %,

If we don't change the slope,

...and, in this case, the goal of Linear
we can ses how the SSR

you're not familiar with ]
Regression would be to find the y-axis derivatives, see Appendix D). :
changes for different y-axis intercept that results in the lowest SSR at the
intercept values... < bottom of this curve.

Height

S8R

[ -
".--.I":I;;ﬂ it

[ -
".--.l":l;;|| it

y-axis intercept -

Height - ...and solve for where the -
B y-axis Intercept derivative is equal to 0, at

]

the bottom of the curve. =**
Weight Height Height SD|1'.I’ir.'IQ this quatian results in an Analytical
- Solution, meaning, we end up with a formula
that we can plug our data into, and the output
is the optimal value. Analytical solutions are
Weight awesome when you can find them (like for
Linear Regression), but they're rare and only

work in very specific situations.
Another way to find an optimal slope and y-axis interceptis to use an

[T -
".--.l":lghf

Iterative Method called Gradient Descent. In contrast to an Analytical Solution, an Iterative Method starts
with a guess for the value and then goes into a loop that improves the guess one small step at a time. Although
Gradient Descent takes I::-ﬂger than an analytical solution, it's one of the most important tools in machine
learning because it can be used in a wide variety of situations where there are no analytical solutions, mcludlng

Logistic Regression, Neural Networks, and many more.

I'm so

Bzcause Gradient Descent is so important, we'll spend all of Chapter § on it. GET EXCITED!!! excited!l



p-values for Linear Regression and R2: Main ldeas

Now, assuming that we've fit a line to the

data that minimizes the SSR using an nd the SSR for | Gentle Reminder:
analytical solution or Gradient Descent - : :
. . the mean height... _. SSR{mean) - SSR(fitted line
. we calculate R2 with © ?ﬂ < ' R2 = (mean) [ ine)
:".L the SSR for the L | SH[En]
L 9f fittedline... —
4 @ Ry & ...and plug them into the
Height b | Y Height 4 equation for R2 and get 0.66. '**'-,‘
SSR(fitted line) = 0.55 SSR(mean) = 1.61 .
161-055
¥ u . ” v X T —— D_EE
Weight Weight 161
The R2 value, 0.66, suggests that using Weight In this context, a p-value tells us the probability that
to predict Height will be useful, but now we random data could result in a similar R2 value or a better
need to calculate the p-value to make sure one. In other words, the p-value will tell us the probability
that this result isn't due to random chance. that random data could result in an A2 = 0.66.
Becausg the original dataset ...and then add that:ﬁy_‘...and then creats >10,000 more
has 5 pairs f‘f m?as:hn:[ements, to a histogram... sets of random data and add their
one way* to calculate a p- : «  R2?values to the histogram...
value is to pair 5 random — o T Usi IJfrlealr st £
values for Height with 5 ?g";ﬁ?rl;:d aﬂml daat;e - r\_/
rand I for Weight and
" ?DT;;HE;EEHD; r:IQh an and calculate R2... UL . ...and use the
3 : grapn... i, & histogram to calculate
s o ‘e a : "t the probability that
o8 : R -003 O Rz values from 3 random data will give
Eoriler] o Random ? | 4 - random data us an R2 = 0.66.
Height o < Height '
0O tL In the end, we get p-value = 0.1, meaning there’s a 10%
- ' . chance that random data could give us an R2 = 0.66.
Randorn Weight Random Weight

That's a relatively high p-value, so we might not have a lot

* NOTE: Because Linear Regression was invented before of confidence in the predictions, which makes sense
computers could guickly generate random data, this is not because we didn't have much data to begin with.
the traditional way to calculate p-values, but it works!H! small bam.
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Multiple Linear Regression: Main Ildeas

So far, the example we've used demonstrates -..and, as we've seen, Simple Linear
something called Simple Linear Regression because Regression fits a line to the data that we
we use one variable, Weight, to predict Height... can use to make predictions.

L ]
%
1-'.I .
o

A" <
Height = 1.1 + 0.5 x Weight

Weight

This is called Multiple Linear Regression, and
However, it's just as easy to use 2 or more variables, in this example, we end up with a 3-dimensicnal
like Weight and Shoe Size, to predict Height. graph of the data, which has 3 axes...

B
-
a® -

-i b
Height= 1.1+ 0.5 x Weight + 0.3 x Shoe Size

Q I ...and instead of a
Uy Q O fitting a line to the
Just like for Simple Linear Regression, ..one for Helight... g 6 data, we fit a plane.
Multiple Linear Regression calculates R2 o Shoe Sive “( }
and p-values from the Sum of the Squared | I,,-_-"“: ",
Residuals ([SSR). And the Residuals ars : 3 ,
still the difference between the Observed ‘!nght ...and one for Shoe Size...

Height and the Predicted Height. %
...one for Weight...

The only difference is that now we calculate

Residuals around the fitted plane instead of a line. .
: And when we use 3 or more variables to

_ Y make a prediction, we can't draw the graph,
Re _SSR[mean) - SSR(fitted plane) but we can still do the math to calculate the Bam.
SSR(mean) Residuals for R2 and its p-value.

80



Beyond Linear Regression

As mentioned at the start Linear Models allow us to use discrete Just like when we used Weight to
of this chapter, Linear data, like whether or not someone loves predict Height, Linear Models will
Regression is the the movie Troll 2, to predict something give us an R2 for this prediction,
gateway to something continuous, like how many grams of which gives us a sense of how
called Linear Models, Popcorn they eat each day. accurate the predictions will be, and
which are incredibly .t ap-value that Iets us know how
flexible and powerful. """ much confidence we should have in
O ‘:-" ) the predictions.
R2 =066 b
Popcorn p-value = 0.04 In this case, the p-value of 0.04 is
(g) relatively small, which suggests that it
] . . O would be unlikely for random data to
Linear Models also easily combine O give us the same result or something
discrete data, [ike whether or not o) more extreme. In other words, we can
someone loves Troll 2, with be confident that knowing whether or
continuous data, like how much L " Does Not not somecne loves Troll 2 will improve
Soda Pop they drink, to predict T;T; LGR?:ETFDT: > our prediction of how much Popcorn
something continuous, like how they will eat.
much Popcorn they will eat. \
O R2 = 0.97 In this case, addir"!g how much Soda If you'd like to learn more
O p-value = 0.006 dF'c:p SOmMeons drinks to the model about Linear Models,
ramatically increased the R2 value, scan, click, or tap this QR
PR @) A which means the predictions will be code to check out the
a) ".‘ more accurate, and reduced the p- iQuests on YouTubelll
“e,.. ..t value, suggesting we can have more
o confidence in the predictions. l-_-;..-:'f-hm
EE T-r:'. -rl'E_ "
DOUBLE i A
Soda Pop l.;gg::;l i .ﬂ b
t " « 01 %1
0 = Loves Troll 2 BAM ! !! :;,,Ifli' _,f".,.g,,'fi:,irl
@)
(O = Does Not Love Troll 2 CEa S L e
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bam.

Mow let's talk about
how to fit a line to data
using Gradient
Descent!!!

82



Chapter 05
Gradient Descent!!!



Gradient Descent: Main Ideas

For example, there is no o
analytical solution for Luglsﬁc
Regression (Chapter 6), which

fits an s-shaped squiggle to
data.

The Problem: A major part of machine
learning is optimizing a model’s fit to the data.
Sometimes this can be done with an analytical

solution, but it's not always possible.

fancy squiggles to data.

Likewise, thers is no
analytical solution for @
Neural Networks *:. O—)O —
(Chapter 12), which fit "**& m —

A Solution: When there’s no Gradient Descent is an iterative solution that
analytical sclution, Gradient |r"u::rementally.-r steps toward an optimal solution and is

Descent can save the day! used in a very wide variety of situations.

Gradient Descent startL/+...and then improves the f ...until it finds an optimal solution or
with an initial guess... guess, one step at a time... reaches a maximum number of steps.

™
]

HS. P 4 9%
«

Height Height ?v‘d ?g Height| &

BAM!!!

Weight Weight Weight
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! NOTE: Even though there's an analytical solution for Linear
Regression, we're using it to demonstrate how Gradient

Gradient Descent: Details Part 1

Descent works because we can compare the output from
Gradient Descent to the known optimal values.

Let's show how Gradient Descent
fits a line to these Height and
Weight measurements.

. Specifically, we'll show how Gradient Descent estimates
= the intercept and the slope of this line so that we

Y minimize the Sum of the Squared Residuals (SSR).
;'l‘ "‘ “.! ;ft
£
i o 0 {

Height = intercept + slope x Weight

Height p O Height O . . . .

O o

Weight Weight
To keep things simple at the ..and show how Gradient Once we understand how Gradient
start, let’s plug in the analytical Descent optimizes the intercept Descent ocptimizes the intercept, we’ll
solution for the slope, 0.64... one step at a time. show how it optimizes the intercept and
..- the slope at the same time.
F" ._l"‘ : *“'t‘_*
Hsight = intercept + 0.64 x Weight
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Gradient Descent: Details Part 2

@ In this example, we're fitting a line to data, and

MNow, because we have 3 data ? -
we can evaluate how well that line fits with the
Sum of the Squared Residuals (SSR).

points, and thus, 3 Residuals,

O ",
the SSR has 3 terms. T EL -? : "'.
e A
Remember, Residuals are the SSR = [Observed Heights - (intercept+ 0.84 x Weight]))2
diﬁe":gi&:ﬁi:&“ iﬁﬁ:ﬁ_ﬁwm N + (Observed Heightz - (intercept + 0.84 x Weight)? .«
‘ + (Observed Heightz - (intercept + 0.64 x Weights))? 4

A
...and the Observed Heights are th
values we originally measured...

] .
ﬂaﬂd the Predicted
h:-*'*.

-

...50 we can plug the
Heights come from the equation for the line in for
‘o, equation for the line... the Predicted value.
4-...' .**_i "1" :: }
i Psst! Don't
E) "+,_ : forget to read
: Step 5!
R 1..'-'1. .'ﬂ- V
Cersomennennn iy, Predicted Height = intercept + 0.64 x Weight
“:-.--"'""..
¥ ¥
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Gradient Descent: Details Part 3 @

SSR = (Observed Heighty - (intercept + 0.84 x Weighti))

In this first example, since

we're only optimizing the y-

axis intercept, we'll start by
assigning it a random value. In

this case, we’'ll initialize the
intercept by setting itto 0.

*
#
t"
&

ML EaaE®

y
Height = 0 + 0.84 x Weight ?

...then we plug in the Observed
values for Height and Weight for
each data point.

SSR = (Observed Heights - (0 + 0.684 x Weight4))2
+ (Observed Heightz - (0 + 0.84 x Weightz))2

+ (Observed Hsights - (0 + 0.84 x Weights))2
Y
SSR = (1.4 - (0 + 0.64 x 0.5))2
+ (19 - (0 + 0.64 x 2.3))2
+ (3.2 - (0 + 0.64 x2.9))2

Mow, to calculate the SSR, we first plug the value

for the y-axis intercept, 0, into the equation we
derived in Steps 4 and 5...

| 4
+ (Observed Heightz - (intercept + 0.64 x Weighta))?

+ [Observed Heightz - [intercept + 0.64 x Weights))?
| 4

SSR = (Observed Heightt - (0 + 0.64 x Weight4))?
+ (Observed Heightz - (0 + 0.64 x Weightz))2

+ (Observed Heights - (0 + 0.64 x Weightz))?

Lastly, we just do the math. The
SSR for when the y-axis
interceptis setto 0is3.1. Bam!
b
EEEE -
1.1+ 0.42 + 1.32:= 3.1;
A o >

&

[ ]

L]

L]

]

™

"

-
Y
]
-

L

ol +

w [ ]

o &
L]

L]

[ ]
o
.
*

87



Gradient Descent: Details Part 4

or Gost Function (ses Terminology Alert on the right). In
Gradient Descent, we minimize the Loss or Cost Function by
taking steps away from the initial guess toward the optimal value.
In this case, we see that as we increase the intercept, the x-axis
of the central graph, we decrease the SSR, the y-axis.

Y

@ Now, because the goal is to minimize the SSR, it's a type of Loss .. o TRMINUY LET! )

O

) ¢  the term Cost Function to specifically refer to a
- function (like the SSR) applied to all of the data.
Unfortunately, these specific meanings ars not
universal, so be aware of the context and be
prepared to be flexible. In this book, we'll use them
together and interchangeably, as in “The Loss or
Cost Function is the SSR.”

SER

However, rather than just randomly trying a bunch of values ...corresponds to this curve on a graph that has
for the y-axis intercept and plotting the resulting SSR on a the SSR on the
graph, we can plot the SSR as a function of the y-axis y-axis and the

-

L]
" om
L]
w
[

intercept. In other words, this equation for the SSR... ) : ‘: intercept on
: L the x-axis.
4
SSR = (1.4 - (intercept + 0.64 x 0.5))2 A, SSh
A + (19 - (intercept + 0.64 x 2.3)p
& + (32 -(intercept + 0.64 x 2. 9]]2 :

P=st! Remember: . e

these are the « f ...and these are the :
Observed Heights.. Gbsewed Weights. intercept

! The terms Loss Function and Cost Function refer to
anything we want to optimize when we fita model to §
data. For example, we want to optimize the SSR or
the Mean Squared Error (MSE) when we fit a
straight line with Regression or a sqguiggly line (in
Neural Networks). That said, some people use the
term Loss Function to specifically refer to a function

Q i (like the SSR) applied to only one data point, and use §
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Gradient Descent: Details Part 5

Now, when we started with the y—axf/*scu how do we take steps
intercept =0, we got this SSR... toward this y-axis intercept that

~+ Oives us the lowest SSR...

...and how do we know

The answers to those
questions come from
the derivative of the
curve, which tells us the
slope of any tangent
line that touches it.

NOTE: Sce
Appendix D to

derivatives.

L
" e L]
L E *a
. ™ : -:4 *ir.
" » n® ¥

[

b ]
m ]
u
m

*,_-"‘ K _,l|l
O s
? SSR ;
e ——— .: h_'
* “*' W ae

intercept

A relatively large value for the derivative, which
corresponds to a relatively steep slope for the tangent
.* line, suggests we're relatively far from the bottom of
¥ the curve, so we should take a relatively large step...

...and a negative derivative,
or slope, tells us that we
need to take a step to the
right to get closer to the

: lowest SSR.

S5R

L]
L]
]
L]
L

when to stop or if we've
gone too far?

intercept

A relatively small value for the
derivative suggests we're relatively
close to the bottom of the curve, so we

should take a relatively small step... ::

/ ...and a positive derivative
tells us that we need to take
: astep to the left to gst
:closer to the lowest SSR.

K,—\/

= In summary, the derivative
= tells us in which direction
= to take a step and how
s large that step should be,
so let’'s l[earn how to take
the derivative of the SSR!!!

S5R

e

L learn more about 3
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Gradient Descent: Details Part 6

. Because a single term C'fthe_/) ..wrapped in Dﬂrenthfy‘...ane way to take the derivative of the SSR
@ SSR consists of a Residual... and sguared... is to use The Chain Rule (see Appendix F if

& [ you need to refresh your memory about how
The Chain Rule works).

g

= T
|
SSR = [ : Height - (intercept + 0.64 x Weight) © )2

Step 1: Create a link between the
intercept and the SSR by rewriting the SSR = (Residual)? Residual = Height - [intercept + 0.64 x Weight)

SSR as the function of the Residual.

Step 2: Because the Residual links the intErc:leptl to d SSR d SSR d Residual Because of the subtraction, we
the SSR, The Chain Rule tells us that the derivative *’*‘}d?t = o Residual ® o inte : can remove the parentheses
of the SSR with respect to the intercept is... ... ... intercep esidual dinfercep by multiplying everything

o inside by -1.
Step 3: Use The Power Rule d Residual o . " .
(Appendix E) to solve for the dintercept _ d intercept Height - (intercept + 0.64 x Weight)
two derivatives. o
= Height -intercept - 0.64 x Weight
ASSR, _ 9 _ (Residuall? - 2 x Residual dintercept "y T Ap : -
d Residual ~ d Residual - e, 3
=0 -1-0=-1 Because the first and last terms do
not include the intercept, their
derivatives, with respect to the
dSSR ~ dSSR dResidual _ . pasidual x - intercept, are both 0. However, the
Step 4 Plug the derivatives o infercept  d Residual d intercept second term E thg nelgat!\.re
intc The Chain Rule to get < intercept, so its derivative is -1.
the final derivative of the SSR
. . H
with respect to the intercept. ,  _ 5 [ Heignt - (intercept + 0.64 x Weight] ) x -1 P
k7 Multiply this -1 on

the right by the 2 on

BAM!!! (it 0 -
=-2 x ( Height - (intercept + 0.64 x Weight) ) the left to get -2.

g0



Gradient Descent: Details Part 7

So far, we've calculated the derivative if/')chwever, we have
the SSR for a single cbservation. three observations

-~ in the dataset, so

Gentle Reminder: Because we're using
Linear Regression as our example, we
don't actually need to use Gradient
Descent to find the optimal value for the |
intercept. Instead, we could just setthe |

) , derivative equal to 0 and solve for the
.*: Y the S.SH 20 intercept. This would be an analytical
f_‘t SSR = [Height - (intercept + 0.64 x Weight| )2 derlﬁtg:tt;?:nhshave . solution. However, by applying Gradient |
d SSR . - Descentlt::- this pru:ubleml, WE can compars
: — -2 x [ Height - (intercept + 0.64 x Weight) ) o the optimal value that it gives us to the
d intercept e 5 analytical solution and evaluate how well §
_ I s ' Gradient Descent performs. This will give §
SSR = [ Height - [intercept + 0.84 x Weight) ) . - us more confidence in Gradient Descent §
. ¢ when we use it in situations without
1 +  Height - (intercept + 0.64 x Weight] )? * analytical solutions like Logistic

Mow that we have
@ the derivative of the
SSR for all 3 data
points, we can go through,
step-by-step, how Gradient
Descent uses this derivative
to find the intercept value
that minimizes the SSR.
However, before we gst
started, it's time for the
dreaded Terminology Alert!!!

+ [ Height - (intercept + 0.84 x Weight) )2

. _ Regression and Neural Networks.

Y
? d SSR . . .
. o Intercept -2 x [ Height - (intercept + 0.64 x Weight) )

+ -2 x [ Height - (intercept + 0.64 x Weight) )

+ -2 x [ Height - (intercept + 0.64 x Weight) )

=h|



OH NOM MORE
TERMINOLOGYI!

Terminology Alert!!! Parameters

\ . In machine learning lingo, we call the things we gl
In the current example, we're trying . : .
. L want to optimize parameters. So, in this case, we
to optimize the y-axis intercept .
. would call the y-axis intercept a parameter.

-
L]
(LT
. a®® e,
LTI L -
-

v
Predicted Height = intercept + 0.64 x Weight

If we wanted to optimize both the y-axis MNow that we know what we
intercept and the slope, then we would mean when we say parameter
need to optimize two parameters. tiny bam. let's see how Gradient Descent
e, optimizes a single parameter,
> i~ p glep
Predicted Height  intercept + slope x Weight the mtem%tli::;e?ne step at a

l?j__” uﬁ & BAM!!
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Gradient Descent for One Parameter: Step-by-Step

First, plug the Observed values into the derivative ...80 that means plugging the Observed Weight
of the Loss or Cost Function. In this example, the and Height measurements into the derivative of
SSR is the Loss or Cost Function... the SSR.
O A SSR_ _ o [Height - (intercept + 0.64 x Weight) )
d intercept
Height
- o O + -2 x [ Height - (intercept + 0.64 x Weight) )
+ -2 x [ Height - [intercept + 0.64 x Weight) )
Weight
ASSR_ _ 54 (:32:- (intercept+ 0.64x:2.9):)
d intercept
+ -2 x(:19 :- (intercept + 0.64 x:2.3)" )
+-2x(:14:- (intercept + 0.64 x:0.5): )
A
Now we initialize the parameter we ' e,
want to optimize with a random value. U e,
In this example, where we just want to
\ |

optimize the y-axis intercept, we start

by setting it to 0. 2ot
: ASSR_ _ 5, (32-:(0:+0.64x29))
d intercept . s

F-I"i,n.l n ™
Height = intercept + 0.64 x Weight
5
=0 + 0.64 x Weight

+-2x(19-:(0:+0.64x23))
+-2x(14-:(0:+0.64x05))

g3



Gradient Descent for One Parameter: Step-by-Step

Now evaluate the derivative at the
current value for the interc Epl‘. In we get -5 ..
this case, the current value i s D

t
1!" ]
IIII FEsnmsnnEnEE" l

+2x(19- [0 +0.64%x238)):=
+2x(14- [0 +0.64x0.5))

Now calculate the Step Size
with the following equation: «.,

*s

i g
I'.' L

Gentle Reminder: The } Y b
magnitude of the Step Size = Derivative x Learning Rate
derivative is proportional
| to how big of a step we ==5.7 x 0.1
should take toward the messssssenens W
minimum. The sign [+/-) : =-0.57 : e,

tells us which direction.

Take a step from the current
intercept to get closer to the
optimal value with the following

equation: """«

4

New intercept = Current intercept - Step Size

Remember, in this case,
the current interceptis 0.

When we do the math

_/“the slope of this tangent |II'IE 1S

‘-.l-lll'*

-5.7

moves the line up a little

thus, when the intercept =

-95.7.

L
L

WENE
an® .'*r «*
o T L

P..

ISSR_ _ ox(3.2- [D +0.84x29)) 4 .~
di"temepr .llllllllllll:

y-axis intercept

Z NDTE: é rning te peventa us from aking atpa
\ that are too big and skipping past the lowest pointin the 2

curve. Typically, for Gradient Descent, the Learning ¢
Rate is determined automatically: it starts relatively large
and gets smaller with every step taken. However, you  §

can also use Cross Validation to determine a good valus |

for the Learning Rate. In this case, we're setting the
Learning Rate to 0.1.

y-axis intercept

The new intercept, D.ET-,/-A | |
closer to the data... lower SSR. Bam!

and It results In a



Gradient Descent for One Parameter: Step-by-Step

MNow repeat the previous three steps, updating the intercept after
each iteration until the Step Sizeis close to 0 or we take the
maximum number of steps, which is often set to 1,000 iterations.

Evaluate the derivative at the
current value for the intercept...

TR

GSSR_ _ ox(32- (057 +0.64x2.9))
dianrtEpr -llllllllllll:

+2x(19- (0.57 +0.64x2.8))i==2.3"
:llllllllllll;

+-2x(14- (0.57 +0.64x0.5))

Calculate the Step Size... .
@ aotiate fne STep Siz NOTE: The Step Size is smaller K
] L ] than before because the slope o
Step Size = Derivative x Learning Rate of the tangent line is not 8 ewnsn®t

steep as before. The smaller
" slope means we're getting
¥ .
.t closer to the optimal value.

- -2.3x0.1

= -0.23 T

Calculate the new SSR
intercept value...

New intercept = Current intercept - Step Size

lqll#ii...,-'._ 'lr

y-axis intercept

- 057 - (-0.23) :

,:n_ﬂ mmgigfﬁéqfﬁécfp;’ I?ttlaé ...anditresults in a lower
S : P SSR. Double Bam!

closer to the data...

895



Gradient Descent for One Parameter: Step-by-Step

®

...l...ll..'
L .y
l'i_ ™

After 7 iter?aticma...

J‘..‘
L

E

Evaluate the derivative at
the current value...

¥

...the Step Size was very close

to 0, so we stopped with the
currentintercept=0.55... e

...and we made it to

the lowest SSR. *. .

S5R

y-axis intercept

Calculate the Calculate the
Step Size... new value...

If, earlier on, instead of using Gradient

0 Descent, we simply set the derivative to
0 and solved for the intercept, we would
have gotten 095, which is the same valus

that Gradient Descent gave us. Thus,
Gradient Descent did a decent job.

BAM???

Not yetl Now let’s see how well
Gradient Descent cptimizes the
intercept and the slopel
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Optimizing Two or More Parameters: Details

When we optimize

two parameters, we

get a 3-dimensional
graph of the SSR.

Now that we know how to optimize the
intercept of the line that minimizes the SSA,
let’s optimize both the intercept and the slope.

L] [ ]
] ]
L] L]
L []
-
. H
- -
b~ -
-

A L4
Height = intercept + slope x Weight

O

Height

<4

This axis represents Y

Weight
different values for
the slope... 4
Just like before, the goal is to find the parameter ; .’*.
values that give us the lowest SSR. And just like . .t' | axi ...and this axis
before, Gradient Descent initializes the e fe \';Er 'g%naxls | represents
parameters with random values and then uses s Torthe different values
derivatives to update those parameters, one step for the intercept.
at a time, until they're optimal.
So, now let's learn how to take
" derivatives of the SSR with respect
Q to both the intercept and the slope.
4 4

9?"){)

{7

17

SSR = [ Height - (intercept + slope x Weight) )

a7



Taking Multiple (Partial) Derivatives of the SSR: Part 1

The good news is that taking the derivative _
of the SSR with respect to the intercept is We can use The Chain Rule to tell us how the
+* exactly the same as before. SSR changes with respect to the intercept.
<

SSR = [ : Height - (intercept + slope x Weight): )2

Step 1: Create a link between the
intercept and the SSR by rewriting the SSR = [Residual)? Residual = Observed Height - (intercept + slope x Weight)

SSR as the function of the Residual.

Step 2: Because the Residual links the intErc:leptl to d SSR d SSR d Residual  Because of the subtraction, we
the SSR, The Chain Rule tells us that the derivative *‘"*d?t = o Pesioal = o e : can remove the parentheses
of the SSR with respect to the interceptis...*.. .+ intercep sidua intercep by multiplying everything
s inside by -1.
#ll!lbj-.ll‘

Step 3: Use The Power Rule to d Residual _ d i ot e ST = e T
solve for the two derivatives. d intercept d intercept ' -9 't~ UNLET pt+ slop =19
d : .
= - Height -intercept - slope x Weight
d SSR o . d intercept
—— . — (Residual) = ' Y.
J Residual ~ d Residual . F =2 x Residual ., A 3
=0 -1-0=-1 Because the first and last terms do
not include the intercept, their
derivatives, with respect to the
dSSR ~ dSSR d Residual _ ., pasidual x -1 intercept, are both 0. However, the
Step 4: Plug the derivatives o jntercept ~ o Residual X d intercept second term is the negative
intc The Chain Rule to get < intercept, so its derivative is -1.

the final derivative of the SSR
with respect to the intercept. % - . - e
* =2 x| Height - (intercept + slope x Weight -1 " . .
*._. x(Heig UIEEs AR “seus Multiply this -1 on
BAM"I 4 the right by the 2 on
Ll = -2 x [ Height - (intercept + slope x Weight) ) the left to get -2.

L™
I..
.....
LY ¥ ]
llllllllllllllllllllllllllllllllll
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Taking Multiple (Partial) Derivatives of the SSR: Part 2

The other good news is that taking the derivative We can use The Chain Rule to tell us how
.of the SSR with respect to the slope is very the SSR changes with respect to the slope.
# gimilar to what we just did for the intercept. — R E—

a
w

A
SSR = [ - Height - (intercept + slope x Weight) - )2

| NOTE: A collection of derivatives of the same function but 3

with respect to different parameters is called a Gradient,
so this is where Gradient Descent gets its name from. |
We'll use the gradient to descend to the lowest SSR.

Step 1: Creats a link between the
slope and the SSR by rewriting the SSR = (Residual)? Residual = Observed Height - (intercept + slope x Weight)

SSR as the function of the Residual.

Step 2: BEDEU?E the Residual links the ﬁlgpel to the d SSR d SSR d Residual Because of the subtraction, we
SSR, The phalﬂ Rule tells us that the derivative Gj"_‘..--} Jsiope o Residual X = = can remove the parentheses
the SSR with respect to the slopeis... **s..... sant® by multiplying everything

5 inside by -1.
1.-#""‘"!#-14*

Step 3: Use The Power Rule to S LI L A e B T e
solve for the two derivatives. dslope  d siope ' o8Nt - lintercept+ slop =8
= Height - intercept - slope x Weight
d SSR o : i d slope
——— . ————) HEE'dual 2 —
o Residual ~ o Residual | ¥ = 2x Residual v, A 5

=0-0-Weight = -Weight Because the first and second terms
do not include the slope, their

derivatives, with respect to the

o SSR o SSR d Residual 5 x Residual x -Weight slope, are both 0. However, the last
Step 4: Plug the derivatives d slope =~ d Residual d slope X Hesidualx -ivelg term is the negative slope times
intc The Chain Rule to get < Weight, so its derivative is -Weight.

the final derivative of the SSR

with respect to the slope. %,

L]
*

= 2 x [ Height - [intercept + slope x Weight) ) x -Weight {"'"'"Multiply this -Weight on

d the right by the 2 on the
DOU BLE BAM!!! = -2 x Weight x ( Height - (intercept + slope x Weight) ) Ieft to gst -2 x Weight.

PPTTLLL ag



Gradient Descent for Two Parameters: Step-by-Step

= -2 x [ Heighty - (intercept + slope x Weight) )

Plug the Observed values into the derivatives of the
Loss or Cost Function. In this example, the SSR is the
: \ d SSR
Loss or Cost Function, so we'll plug the Observed o' ntercept
\ \ . i
Weight and Height measurements Iinto the two ¥ + -2 x [ Height: - (intercept + slope x Weight:) )
+ -2 x ( Heightz - (intercept + slope x Weight:) )

derivatives of the SSR, one with respect to the
0 Il'ltErGEpt. ."'n...I'.-.-'-'.---__...l-'-'

= -2x [:3.2 - (intercept + slope x:2.9):)

Height @)
@) ....and one with d SSR
respect to the slope. d intercept
| . +-2x [:1.9 - (intercept + slope x:2.3):)
+ 2x (1.4 (intercept + slope x:0.5); )
¥
= -2 xWeights x ( Heights - [intercept + slope x Weight1) )

d SSR
d slope
+ -2 x Weight: x ( Height: - (intercept + slope x Weight:) )
+ -2 x Weight: x ( Heightz - (intercept + slope x Weight:) )

Gentle Reminder: The
Weight and Height valuss ..
' " =-2x:29:[:3.2 :- (intercept + slope x:2.9): )
+-2x-23:(:1.9 - (intercept + slope x:2.3)-)

that we're plugging into the
derivatives come from the
+-2x:05:(:1.4 - (intercept + slope x:0.5): )

raw data in the graph.
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Gradient Descent for Two Parameters: Step-by-Step

Now initialize the parameter, or parameters, that we IR semos
want to optimize with random values. In this exampls, ",
we'll set the intercept to 0 and the slope to 0.5. & 4
& OSSR _ ox(32-(intercept+ slope x2.9))
:. CL i :- d m‘l‘ErEEpf
Iy » +-2x[19 - [intercept + slope x2.3) )
Height = intercept + slope x Weight s
Fﬁ - +-2x[14- (intercept + slope x0.5) )
A F . o
Height =0 + 0.5 x Weight : o
T - | 4 ji
: dSSR_ _ ox(32- [n " 05 xE.E]I]
g d intercept
+-2x(19- [n +: D.E xE.ﬂ]]
+-2x(14- [n +4 r:us xﬂ.ﬁ]]
-1"‘::. ‘ Fuy
#.‘1
Ll =-2x29x (3.2 - (intercept + slopex 2.9))
Weight d slope
+-2x23x(1.9 - [intercept + slopex2.3))
+-2x05 x(1.4- [intercept + slopex0.5))
V S
dSSR _ oy29x(3.2-! [n " na xE.E]I]
d slope

+-2x23x[1.9-: [D +D5 xE.ﬂ]]
+-2x05x(1.4- [ﬂ +D5 xD.E]I]
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Gradient Descent for Two Parameters: Step-by-Step

Evaluate the derivatives at the
current values for the intercept, 0,
and Elﬂpe 0.5.

:q li!l.l‘i‘i
A35R . _ox(32-(0+05x28)) g o 5x29x(82-(0+05x2.9))
dintercept = pessssessses d slope gresesssesenenay )
+-2x(19- [ﬂ+n5xzﬂn- = -7.31 +-2x19x(23-(0+05x19)):==-14.8:
'IIIIIIIIIIIII- ‘Illlllllllllllf
+-2x(14-(0+0.5x0.5)) +-2x05x(14-(0+05x0.5))
@ C;::Ei:; nstt::g : IfES: f ..and one for the slope.
o pL... ra NOTE: We're using a smaller
po" g Learning Rate now (0.01) than
A b | before (0.1) because Gradient
Step Sizeimercept = Derivative x Learning Rate  Step Sizesiope = Derivative x Learning Rate Descent can be very sensitive
| toit. However, as we said earlier,
=-1.3x0.01 =-148x0.01 - et usually the Learning Rate is
g 0,073 g : .0.148 : determined automatically.

Take a step from the current
intercept, 0, and slope, 0.5, to New slope = Current slope - Step Sizespe
get closer to the optimal values... _-/N

...and the intercept
increases from 0 to

New intercept = Current intercept - Step Siz@intercept 0073, the slope
increases from 0.5 to
- (-0.073) 0.648, and the SSR

----------- “ decreases. BAM!
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Gradient Descent for Two Parameters: Step-by-Step

l-l-.. -.-...-."‘.'
& 1..
a® L
Ty
L

And after 475 iterations... A

Evaluate the derivatives at Calculate the Calculate the
their current valuss... Step Sizes... new values...
A i

...the Step Size was very closs
If, earlier on, instead of using Gradient Descent,

to 0, so we stopped with the
current intercept =0.95 and
the current slope =P-E4--- Q we simply set the derivatives to 0 and solved for
1,; 6 the intercept and slope, we would have gotten
%, o 0.95 and 0.64, which are the same values
Gradient Descent gave us. Thus, Gradient

Descent did a great job, and we can confidently
use it in situations where there are no analytical
solutions, like Logistic Regression and Neural

Networks.

...and we made it to

clowestSSR. e TRI PLE BAM ! !!

Gradient Descent is awssome,
but when we have a lot of data or a
lot of parameters, it can be slow. Is
there any way to make it faster?

This axis represents .ee====s gy

differant values for
the slope... ad )
. ...and this axis
...thig axis is represents YES! Read on to learn
for the SSR... different values about Stochastic Gradient
Descent.

for the intercept



Stochastic Gradient Descent: Main Ideas

So far, things have been pretty

simple. We started out with a tiny Because there were only 2 parameters, we only had

2 derivatives that we had to calculate in each step...

dataset that only had 3 points... e,
: » vy o ea
...and we fit a straight line, o SSR o SSR
which cnly has 2 parameters, d intercept d slope
the intercept and the slope.
cuns3??®
b CLTTTTPRPPPPRTEEE LA "ﬂ_-‘ ...and because we only had 3 data
Height o points, each derivative only nesded to
[ compute 8 terms per derivative.

Height = intercept + slope x Weight 7
ASSR_ _ 5, (3.2- (intercept + slopex 29))

1.""-

d intercept 3
+-2x (1.9 - (intercept + slopex 2.3) ) .

Weight

+-2x (1.4 - (intercept + slope x 0.5) )
However, what if we had 1,000,000 data

points? Then we would have to compute J SSR A
1,000,000 terms per derivative. = -2x29x (3.2 -(intercept + slope x 2.9))
d slope
Ugh! +-2x23x[19 - (intercept + slope x 2.3))
And what if we had a more complicated model with +-2x0.5x (1.4 - (intercept + slope x 0.5))

10,000 parameters? Then we would have 10,000
derivatives to computs.
The good news is that Stochastic Gradient Descent can

Double Ugh! drastically reduce the amount of computation required to
Taking 10,000 derivatives, each with 1,000,000 terms optimize paramsters. Although it sounds fancy, the word
to compute, Is a lot of work, and all of that work only Stochastic just means Randomly Determined and all
gets us one step Into the process that can take 1,000s Stochastic Gradient Descent does is randomly select one
of steps!!! data point per step. So, regardless of how large your dataset
TRIPLE UGH! iz, only one term is computed per derivative for each iteration.
Thus, for BIG DATA, Gradient Descent
requires a lot of computation and can be slow. BAM!



Stochastic Gradient Descent: Details Part 1

To =ee how Stochastic Gradient Descent And just like with normal Gradient Descent,
works, let's go back to our simple example, we start by initializing the intercept and
where we want to fit a line to 3 data points. slope of the line with random values.

il
[
-_i

L] L]
"

e agut?

<4
Height =0 + 0.5 x Weight

Q <«

"L
LA

Height O Height O
O o =

T T T 1 T T T 1
Weight

NDW.WE randomly Ff'ick 2li= Dc'ir,'t' Then, we evaluate the derivatives
In this case, we'll pick this one In using just that single point...
the middle.

y OSSR _ 54 (Height- (intercept + slope x Weight) )
: d intercept
| v
d SSR
— -2 x Weight x [ Height - [intercept + slope x Weight
o 0 d Siope ght x ( Height - P P ght) )

...and then we ...and then we
calculate the calculate the
 Weight : Step Sizes... new values.



BAM!

Stochastic Gradient Descent: Details Part 2

Then we just repeat the last 4 steps until the Step Sizes are
super small, which suggests we've optimized the

*
#*

&
new values...

y § A
Evaluate the derivatives at Calculate the Calculate the
Step Sizes...

Pick a random point from
their current values...

the dataset...

s parameters, or until we reach a maximum number of steps.

...then instead of
randomly selecting one
poirt per iteration, we

For example, if we had
might select 3 points.

these data and wanted to

TERMINOLOGY ALERT!!
use Mini-Batch Stochastic
- Gradient Descent...

Although a strict definition of

Stochastic Gradient Descent says
that we only select a single point per
O i
» O

iteration, it's much more common to
randomly select a small subset of
the cbservations. This is called Mini-
Batch Stochastic Gradient
Descent Using a small subset, : _
rather than a single point, usually Ul O
converges on the optimal values in 0 O

fewer steps and takes much less
time than using all of the data.

Weight




Gradient Descent: FAQ

When this happens (when we get stuck in a local
minimum instead of finding the global minimum), it's
a bummer. Even worse, usually it's not possible to
graph the SSR, so we might not even know we're in
one, of potentially many, local minimums. However,
thers are a few things we can do about it. We can:

Will Gradient Descent always find
the best parameter values?

Unfortunately, Gradient Descent does not always
find the best parameter values. For example, if the

graph of the SSR looked like this.... | | |
N 1) Try again using different random

numbers to initialize the parameters that
we want to optimize. Starting with different
values may avoid a local minimum.

...then it's possible that we
might get stuck at the bottom
.+ of this local minimum...

/

-i-

T .t 2) Fiddle around with the Step Size. Making it

a little larger may help avoid gstting stuck in a
local minimum.

S5R

...instead of finding our way to
the bottom and the global

y LT ewamaet L 3) Use Stochastic Gradient Descent,

because the extra randomness helps avoid
getting trapped in a local minimum.

parameter of interest

Now let's talk about how to
make classifications using
Logistic Regression, which
has no analytical solution and is
_often optimized with Gradien
'- Descent. __ oe®

How do you choose the size of a Mini-Batch
for Stochastic Gradient Descent?

The answer to this guestion really depends on the computer hardware
you're using to train [optimize) your model. For example, because one of
the main reasons we use Mini-Batch Stochastic Gradient Descentis to

train our model as quickly as possible, one major consideration is how

much high-spesd memory we have access to. The more high-spesd
memory we have, the larger the Mini-Batch can be.
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Chapter 06
Logistic Regression!!!



Logistic Regression: Main Ideas Part 1

The Problem: Linear Regression and Linear Models are great

when we want to predict something that is continuous, like Height, In this example, we
but what if we want to classify something discrete that only has two measured the amount of
possibilities, like whether or not someone loves the movie Troll 27 Popcorn a bunch of
L people ate (in grams),
".:*1 which is continuous, .TO _ Loves Troll 2
% Loves Troll 2 O O 000 and whether they Love 4»*°
".‘. o SLEECCEEECEETTEEITTEITTE wuss= Troll 2 or Do Not Love by O _ Does Not
5 Troll 2, which is oo el e
discrete.
:,‘ kﬂ' N
LDE'::E%;T'D; <« OO0 O O The goal is to make a classifier that uses
. 1 T I ] the amount of Popcorn someone eats to
Fopcorn (g) classify whether or not they love Troll 2.

Like Linear Regression, Logistic

Regression has metrics that are
.+ similar to R2 to give us a sense of

_.-“‘ how accurate our predictions will bs,

A Solution: Logistic Regression, which probably should have beean
named Logistic Classification since it's used to classify things, fits a
squiggle to data that tells us the predicted probability (between 0 and 1)

.+ for discrete variables, like wheather or not someone loves Troll 2.

& PR Lo and it alsc calculates p-values.
1= Loves Troll 2 @ O /\—/

Even better, all of the tricks we can do with Linear

":‘ Probability
Models also apply to Logistic Regression, so we can

that someone

McFadden's R€ =04

loves Troll 2 p-value = 0.03 mix and match discrete and continuous features to
make discrete classifications.
_ Does Not O
~ Love Troll 2

Traom BAM!!!
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Logistic Regression: Main Ideas Part 2

The colored dots are the Training
Data, which we used to fit the
squiggle. The data consist of 4

people who Do Not Love Troll 2
and & people who Love Troll 2.

The y-axis on a Logistic Regression
graph represents probability and goes
from 0 to 1. In this case, it's the
probability that someone loves Troll 2.

The squiggle tells us the
predicted probability that
someone loves Troll 2, which
means that when the squiggleis

.+ close to the top of the graph,

« & v e e " there’s a high probability (a
. 1= Loves Troll 2 = probability close to 1) that
. A someone will love Troll 2...
O = Loves Troll 2 .
] Probability
O _ Does Not .“ that BormEsne (\_/
Love Troll 2 ‘f loves roll 2 ...and when the squiggle is close
v to the bottom of the graph, there’s
Does Not »+** a low probability [a probability
0= LoveTroll 27} close to 0) that somecne will love

Troll 2.

Fopcorn (g)

D __then the squiggle tells
us that there's a relatively
_«+ high probability that that

person will love Troll 2,

If someone new
comes along and
tells us that they ate
this much Popcorn...

1= Loves Troll 2

/1\

Frobability

", that sormeone ifi
., loves Troll 2 Speclflcal y, the
*, corresponding y-axis value
% v on the squiggle tells us that
., o_ DoesNot the probability that this
", LoveTroll 2 person loves Troll 2 is 0.96.
..-r.,‘__ FPopcom [g]‘_w

DOUBLE BAM!!! _



Logistic Regression: Main Ideas Part 3

Now that we know the probability that this person will

love Troll 2, we can classify them as someons who
Eﬂ

either Loves Troll 2 or Does Not Love Troll 2. Usual
the threshold for classification is 0.5...

1 =Loves Troll 2 = . ©O O s
A “‘_“ bl SEm -...-‘ * llllllllllllll
Frobability
that someone
loves Troll 2
v { IIIIIIIIIIIIIIIIIIIII
0= Does Not |
— Lowve Troll 2

Fopcorn (g)

Thus, in this example, since 0.96 > 0.5, *=.,
we'll classify this person as someone
who Loves Troll 2.

L L L
wE
L !

Loves Troll 2 ()
X -{ ---------------- Ly

-1=

F.
Frobability
that someone
loves Troll 2
\ 4 -
0= Does Not | :
— Lowve Troll 2 ' %

Fopcorn [g)

TRIPLE BAM

about how we fit a squiggle
to Training Data. However,
before we do that, we neesd

...and in this case, that means anyone with
a probability of loving Trall 2 = 0.5 will be
classified as someone who Loves Troll 2...

P

....and anyone with a probability = 0.5 will
be classified as someone who Does Not
Love Troll 2.

One last thing before we go: In this example, the
classification threshold was 50%. However, when
we talk about Receiver Operator Curves (ROCs)
in Chapter 8, we'll ses examples that use different

classification thresholds. So gst excited!!

In a few pages, we'll talk

to learn some fancy
terminology.
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Terminology Alert!!! Probability vs. Likelihood: Part 1

Hey Norm, don't the words
Probability and Likelihood

mean the same thing? | -
: In casual conversations, yes, we can Lse

Probability and Likelihood interchangeably.

But unfortunately, in the context of statistics,

these terms have different uses and, in some
cases, completely different meanings.

Way back in Chapter 3, when we described
the Normal Distribution, we saw that the
y-axis represented Likelihood.

The Normal

_*___".“ Distribution’s maximum
likelihood value cceours

More Lll-r.el1n..r -
In this specific example, at its mean.
the y-axis represents the,:
Likelihood of cbserving "‘u.
any specific Height.
Less |_I|'-'.E|‘3|’

Shm‘ter Average Height Taller
L] L} T ‘.T :
For example, it's rela’[l".nfel‘_h.nr ...relatively common to ...and relatively rare
rare to see someone who see someone who is close o see someone

is super short... to the average height... who is super tall.
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Terminology Alert!!! Probability vs. Likelihood: Part 2

In contrast, later in Chapter
3, we saw that Probabilities
are derived from a Normal
Distribution by calculating
the area under the curve
between two points.

¥ ¥ Ap—
142.5 cm e 1.55.?. cm % 168.9 cm
Lt Height in cm ;- Lastly, in Chapter 3 we
¥ ...is equal to this area mentioned that when we
For example, given this Normal under the curve, which, use a Continuous
Distribution with mean = 155.7 and inthis example, is 0.48. Distribution, like the
standard deviation = 6.6, the So, the probability is Normal Distribution, the
probability of getting a measurement 0.48 that we will probability of getting any
between 142.5 and 155.7 cm... Mmeasure someons in specific measurementis
this range. always 0 because the

So, in the case of the

Normal Distributinn...» area of something with no

width is 0.

...Likelihoods are the y-
axis coordinates for
specific points on the

| think | understand

. curve... \x Probabilities, but what do
IRTTLLLE e emeean UL ...whereas Probabilities are we do with Likelihoods?
More Likely ~ - the area under the curve m
between two points. .-;.

" We'll talk about &
that on the next y

page.

Less Likely
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Terminology Alert!!! Probability vs. Likelihood:

Likelihoods are often used to evaluate how
well a statistical distribution fits a dataset.
For example, imagine we collected these

three Height measureaments...

-
i
o
L L] "'.',

e w i‘
#

S ) NN g W) W—

155.7 cm

First, we determine the Likelihoods,
the y-axis coordinates on the curves,
for each data point...

>..to the fit of 2 Normal
Curve that is centered

owver the_d ata.
‘_ﬂ L

-..and we wanted to compare the fit
of a Normal Curve that has its peak
to the right of the data...

156.7 cm 158.53 oy 142.5 em 155.7 cm 168.8 em

And larger likelihoods
suggest that the centered
curve fits the data better than
the one shifted to the right.

...and, by eye, we can see that, overall,
the Likelihoods are larger when we
+*% center the curve over the data.

0.06 esmmeneeeeanas *.,,, 008
LT
Likelihood Likelihood
0.00 .
— J—0—0 v 0.00 ' o000 —
142.5 cm 155.7 cm 1B8.8 cm 1425 cm 1595.7 cm 168.9cm

NOTE: When we try to fit a
Normal Curve to data, we
can’'t use Probabilities
because, as we saw in
Chapter 3, the probability
for a specific point under a
Normal Curve is always 0.

Now that we know how to use
Likelihoods to fit curves, |et's talk
about the main ideas of fitling a
squiggle to data for Logistic
Regression.

Lastly, as we just saw with the Normal
Distribution, Probabilities and Likelihoods can
be different. However, as we’ll soon see, thisis
not always the case. In other words, sometimes
Probabilities and Likelihoods are the same.
When Probabilities and Likelihoods are the same, we could
use either Probabilities or Likelihoods to fit a curve or a
squiggle to data. However, to make the terminclogy consistent,
when we're fitting a curve or squiggle to data in a statistical

context, we almost always use Likelihoods. 114



Fitting A Squiggle To Data: Main Ideas Part 1

When we use Linear Regression, we fit a In contrast, Logistic Regression swaps out
line to the data by minimizing the Sum of the Residuals for Likelihoods (y-axis
the Squared Residuals (SSR). coordinates) and fits a squiggle that
':: represents the Maximum Likelihood.
Q fJ : E However, because we
. 1= Loves Troll 2

*

have two classes of
people, one that
Loves Troll 2 and one
that Does Not Love

Height Probability

that someone

O ¥
?ll""
ﬂ &

loves Troll 2
_ Troll 2, there are two
Weight Does Not ways to calculats
- Love Troll 2 Likelihoods, one for
each class.
Fopcorn (g)
For example, to calculate the Likelihood for this
person, who Loves Troll 2, we use the squiggle Likewise, the Likelihood for this
to find the y-axis coordinate that corresponds to person, who also Loves Troll 2, is
the amount of Popcorn they ate... —+ ...and this y-axis the y-axis coordinate for the
-~ coordinate, 0.4, is squiggle, 0.6, that corresponds to
*_-* ".._ both the predicted the amount of Popcorn they ate.
LA ) probability that they o
% Love Troll 2 and the R |
1 =Loves Troll 2 « :-r: O Likelihood. 1 = Loves Troll 2 o O
Probability | p Probability g €-*============x==s
that someone O = Loves Troll 2 that someone
loves Troll EX{ ............... lavas Trall 2
_ Does Not
Does Not _ Love Troll 2 Does Not

= Love Troll2 1 ° ' : 0= | oveTroll 2] w7 |
| | | | | |
X )

Fopcorn (g) Fopcor
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Fitting A Squiggle To Data: Main Ideas Part 2

In contrast, calculating the Likelihoods is
different for the people who Do Not Love
Troll 2 because the y-axis is the probability

that they I:ﬂve Troll 2.

The good news is, because someone either loves
Troll 2 or they don't, the probability that someone
does not love Troll 2 is just 1 minus the probability

# that they love Troll 2... %

q 4
1 = Loves Troll 2 . . p(Does Not Love Troll 2) = 1 - p(Loves Troll 2)
Probability O _ Loves Troll 2 ...and since the y-axis is both probability and
that sormeone likelihood, we can calculate the Likelihoods
loves Trall 2 (@ = Does Not with this equation.
Love Troll 2 L T
_ Does Not b Tty
Lo Bl e L (Does Not Love Troll 2) = 1 - L{Loves Troll 2)
Fopcorn (g)
For example, to calculate the Likelihood for ,
this Derszﬂ who Does Not Love Troll 2 ..-—""'*.we first calculate the Ukelihiny)---aﬂd then use that value to
’ . that they Love Troll 2,0.8.= calculate the Likelihood that they
" . Do Not Love Troll2=1-0.8=0.2.
1 - Loves Troll 2 S "
- Probability !
Frobability : that sormeone Bam-
that someone £ loves Troll 2
loves Troll 2 3
. Does Not -
_ DoesNot & = : : O
= Love Troll 2 O L e E | . ' T 1
L T 2 " Fopcorn [g)

Fopcorn (g)
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Fitting A Squiggle To Data: Main Ideas Part 3

Now that we know how to calculate the Likelihoods for
people who Love Troll 2 and people who Do Not Love Troll .and when we do the
2, we can calculate the Likelihood for the entire squiggle by math, we get 0.02.
multiplying the individual Likelihoods together... *,
1-4.“'" -------- i
1 = Loves Troll 2 " 04x06x08x0.9x09 v
Probability ) x0.9 x0.9x 0.7 x0.2 = 0.02
that sormeone " | .
loves Troll 2 .. o .
B Does Not '
~ Love Trall 2 x
Fopcorn (g) ,:
VS.
A
Now we calculate the Likelihood '
for a different squiggle..m :
:-' ...and compare the total ; The goal is to find the
1= Loves Troll 2 : 0 0 00Q- Squiggles. Maximum Likelihood.
Probability * Traenst” Y _,-" In practice, we usually find
tlhﬁt SDTEF;E 0.1x02x06x0.7x09 o the optimal squiggle using
oves I1ro .
x 0.9 x0.9 x 0.9 x 0.8 = 0.004 S LB A e
_ Does Not -...___,...-*"‘Ir
TRIPLE BAM!!!

Fopcorn (g)

117



Fitting A Squiggle To Data: Details

The example we've used so

far has Y
) T -..80 when we multiplied the 9
a relatively small Tralnlng Dataset Likelihoods together, it was easy,
of only 9 points total..:

L]
1=Loves Troll 2 « ' R O O DOO
B RS BIlY .
that someone

loves Troll 2 : PRI LD

'r ii"‘..“.
Does Mot o
~ Love Troll 2 ) oo O O

Fopcorn (qg)

However, if the Training Dataset was

much larger, then we might run into a

computational problem, called Underflow,

that happens when you try to multiply a lot
of small numbers between 0 and 1.

Technically, Underflow happens when a
mathematical operation, like multiplication, results
in a number that's smaller than the computer is
capable of storing.

Underflow can resultin errors, which are
bad, oritcan result in weird,
unpredictable results, which are worse.

If you'd like to learn more details
about Logistic Regression,
scan, click, or tap this QR code
to check out the ‘Quests on
YouTubell!

and we got 0.02. *-.,

™
*
L]
L]
&
]

-----

» 04x06x08x09 x0.9 i
----- » x09x09x0.7x02=0.02

A very common way to avoid Underflow
errors is to just take the log (usually the
natural log, or log base e), which turns

the multiplication in:cc:u addition...

L]
I-“ L
L]

Fﬂr
109(0.4 x 0.6 x0.8x 0.9 x 0.9 x0.9 x 0.9 x0.7 x 0.2)

L]
L]
-

=log(0.4) + log(0.6) + log(0.E) + log(0.2) + log(0.9)
+ log(0.9) + 1og(0.9) + log(0.7) + log(0.2)

=-4.0 .
...and, ultimately, turns a

number that was relatively close
to 0, like 0.02, into a number
relatively far from O, -4.0.
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Logistic Regression: Weaknesses

Whmjﬁﬂ we use Logistic Regression, We assume that an s-shaped data had people who
squiggle (or, if we have more than one independent variable, an s-
shaped surface) will fit the data well. In other words, we assume
that there’s a relatively straightforward relationship between the
Popcorn and Loves Troll 2 variables: if someone eats very little
Popcorn, then there's a relatively low probability that they love
Troll 2, and if someone eats a lot of Popeorn, then there’s a

1 = Loves Trall 2

Probability
that someone
loves Troll 2

0= Does Not
~ Love Troll 2

relatively high probability that they love Troll 2

F’Dpcurn (g)

And if we used Logistic Regression to fit an s-shaped
squiggle to the data, we would get a horrible model that
misclassified everyone who ate a lot of Popcorn as

1 = Loves Troll 2 «

Frobability
that someone
loves Troll 2

_ Does Not
~ LoveTroll 2 1

someone who loves Troll 2

o
TRl
N
]

'Y
@

-
o
L]

1
Fopcorn (g)

In contrast, if our

ate a little or a lot of

...and people who
Popcorn and do not

ate an intermediate

~amount did not, then
| Troll 2 # we would viclate the
ove r? .:' assumption that
H & Logistic Regression
) . makes about the
- Y data.
1 = Loves Troll 2 O G0 O
Probability P,
that someone : .
loves Troll 2 ..
v ..
Does Not e
U= Love Troll 2 o0 O O CCE'
| | |
Fopcorn (g)

Thus, one of the limitations of Logistic
Regression is that it assumes that we can fitan
s-shaped squiggle to the data. If that’'s not a
valid assumption, then we nesd a Decision Tree
[Chapter 10), or a Support Vector Machine
(Chapter 11), or a Neural Network (Chapter 12)
or some other method that can handle more
complicated relationships among the data

Mow let's talk about
about classification
with Naive Bayes!!!
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Chapter 07
Naive Bayes!!!



Naive Bayes: Main Ideas

The Problem: We start with a :

4«
jumble of messages: some of .-“ E /

them are Normal messages «-
from friends and family...

...and some of them are Spam,
unwanted messages that are ¢,
usually scams or unsclicited -

advertisements...

A Solution:
We can use a Naive
Bayes classifier,
one of the simplest, but
surprisingly most effective
machine learning methods:

...by the probabilities of seeing the words Dear
and Friend, given ([NOTE: the vertical bar, |,
stands for given) that the message is Normal.

il

First we multiply the Prior
Probability, which is an
initial guess, that the
message is Normal...

...y P(N)xp( Dear

p(S) x p( Dear

Then we compare that to ‘:-

the Prior Probabllity, °** ...multiplied by the probabilities of
another initial guess, that sesing the words Dear and Friend,

the message is Spam...

...and we want to separate the
Normal messages from the Spam.

>

Let’'s say we get a message that says
Dear Friend, and we want to classify
it as either Normal or Spam. We'll ..,
need two different equations: one for
Normal and one for Spam.

ey

"
...... %

A
N ) x p( Friend
Whichever equation
., gives us the larger
S ) - PO R " value, which we'll call a
score, tells us the final
classification.

S) x p( Friend
Tl K

1.':;‘

given that the messags is Spam.
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Multinomial Naive Bayes: Details Part 1

There are several types of Naive We start with Training ...and 4 messages that
Bayes algorithms, but the most Data: 8 messages that we we know are Spam.
commonly used version is called know are Normal... :
Multinomial Naive Bayes.
Ya n..:r -*"'
Then we make a histogram _.-"" .
for all of the words in the ‘.«" ...and a histogram for all of the =
Normal messages... o words in the Spam messages. *:'
L m s
[] L]
H " H H
|| | | 4 ] N ]
B B Dear Friend Lunch Money
H N N
H H H
H N H H

Dear Friend Lunch Money

“-_.
¥

Ll
i
Y,
L

"y

ﬂ'iiq....‘...

Now we calculate the probabilities "“"""un > :p(Dear|N)=0.47
of seeing each word given that they *"u.' ‘_ﬂ' e e e e ]
came from Normal messages. ".L_‘ -_:‘ ol Friend | N )= 0.29
For example, the probability that we X _.*: plLunch | N)=0.18
see the word Dear given (remember, ST = T . -~ A
the vertical bar, |, stands for given) that p( Dear | N)= e = 0.47 :cenen # p(Money|N)=0.08
we see it in Normal (N) messages... ReLLELLLCLLLL v : D 4

L] L]
» ot
G A s .
»
1.-n.' 8 *“f
a® = o
‘,‘.ll'l' ----- LT . by l‘
" L &
® =

...i1s 8, the ﬂumberlﬂlf times Dear cccurs in T R D.t-.I-T. for all the other words in the
Normal messages, divided by the total number Normal messages.

of words in the Normal messages, 17...
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Multinomial Naive Bayes: Details Part 2

Then we calculate the probabilities
@ of seeing each word given that m
they came from Spam messages. | B
Dear Friend Lunch

.. o[ Friend|S)=0.14
For example, the probability that we < A - ‘.*‘b A p(Lunch | S )=0.00
see the word Dear given that we see R p( Dear | S) — £= 0.29  rennsoees™ ! p(Money|S)=0.57
it in Spam (S) messages... foe : Sy
1:"' * ,;:“

...18 2 the number of times Dear occurs in d )
i for all the other words In the
Spam messages divided by the total number of +-and we get 0.29.

, Spam messages.
words in the Spam messages, 7...

Now we calculate Prior Probabilities. In this context, _ ] o
a Prior Probability is simply a guess that we make ”'.JTE' The ".”.“." POl M= il B by
pairof probabilities we want, but we usually

without looking at the words in the message about , -
whether or not a message is Normal or Spam. derive them from the Training Data.

...and because 4 of the 12 messages are

For example, because 8 of the 12 messages
0 are Normal, we let the Prior Probability for Spam, we let the Prior Probability for
Mormal messages, p(N), be 812 = 0.67... Spam messages, p(S), be 4/12 = 0.33.

L]
¥ag.  LanEEy
llllllll

.
L] L]
L LLLLT e e -*
.l‘ LT Tl Ll

IS
p(S)= # of Spam Messages : :
Total # of Messages 12 C E

p(N) _# of Normal Messages _ i= 0.67
Total # of Messages 12:........... ;
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Multinomial Naive Bayes: Details Part 3

Now that we have the Prior
@ Probability for Normal
s messages...

...and the probabi

" . p(Dear | N
p( N ) =0.67 ..-"‘ ol Friend | N
o Lunch | N
_. _. o Money | N
¥ v
p(N) xp(Dear | N ) x
hm - ‘Tu.._h

message |s Normal...

)

occurring in Normal messages...

-
\’ ...we can calculate the overall

p( Friend | N)=

lities for each word

0.47

) =
)=0.29~, score that the message, Dear ..»*
)=0.18 % Friend, is Normal...
)=0.086 :
b gesssssssssas

.oy multiplying the Prior ..by the prababllltles of seeing ..and when we do the ::
Fmbab'!'t'f that the the words Dear and Friend in math we get 0.09. -

Normal messages..

Likewise, using the Prior -
. ...and the probabilities for each word
@ Ferablhty for Spff/ occurring in Spam messages..
< messages...

« \’ we can calculate the overall

p( S ) =0.33 L p(Dear|S)=0.29 score that the message, Dear
: " p(Friend|S)=0.14. Fnenl::hm Sp;m and ?;3? we do
] 0 e math, we get 0.01.
: o Lunch | S ) = 0.00 S

4 p(Money |S) =057 :
S L 4 £ "

p(S)xp(Dear|S)

xp(Friend | S) =

0.33 x 0.29 x 014 DD‘I
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Multinomial Naive Bayes: Details Part 4

p(N) = # of Normal Messages _ 0.67
Total # of Messages

Now, remember the goal was to ...and we started with Training Data,
classify the message Dear Friend 8 Normal and 4 Spam messages... # of Spam Messages
as either Normal or Spam... p(S)= = 0.33

Total # of Messages A
...and we calculated Prior -=*
‘ Probabilities, which are just

guesses that we make without

= - ..and wecreated locking at the contents of a
|| histograms of the words in message, that a message is sither
= = the messages... - Normal or Spam...
o H o |
] O ] B L]
] O ] L] ] [ ]
Dear Friend Lunch Money Dear Friend Lunch Money
p( Dear| N)=0.47 ...and we used the p(Dear|S)=0.29
. B histograms to calculate . B
o Friend | N ) =0.29 srobabilliies. . p(Friend | S ) =0.14
p(Lunch | N)=0.18 o{ Lunch | S ) = 0.00
o Money | N ) =0.08 o Money | S | = 0.57

...and now we can finally classify

Dear Friend!!! Because the score

for Normal (0.09) is greater than
Spam (0.01), we classify Dear
Friend as a Normal message.

o[ N) xp( Dear | N) X p( Friend | N} = 0.67 X 0.47 X 0.29 = 0.09 Dear Friend E

p(S)xp(Dear|S ) xp(Friend|S)=0.33 X 0.29 X 0.14 = 0.01 BAM!I!

...then, using the Prior Probabilities and the probabilities for
each word, given that it came from either a Normal message
or Spam, we calculated scores for Dear Friend....



Multinomial Naive Bayes: Details Part 5

So, both Dear Friend and Friend Dear get the same score, 0.09.

"'" 1".“'-
L] ¥y
L

The reason Naive Bayes is naive, is that
it's simple: it treats all of the words

independently, and this means it ignores » : .
word order and phrasing. o8 b ke

s p(N)xp[Friend|N)xp(Dear | N) = 0.67 X 0.29 X 0.47 = 0.09

4‘.'

p(N) Xp(Dear | N)xp(Friend | N) = 0.67 X 0.47 X 0.29 = 0.09

...and that means that the
probability of seeing Lunch in

Missing data can, in theory, be a
problem. Remember, in the last

example, the word Lunch didn't Spam is 0... ...and this means that any
occur ir'l any of the Spﬂm . . l:,,*” llllllllllll L LTI Message that [.':Dr"l'l'Eiir"IS the word
-"'}: E *.:* ol Dear|S)=0.29 “". Lunch will be classified as
S : _ » Normal because the score for
v ; N plFrena|S)=0M% Seamwilawaysbeo,
m A ¥ W ip(Lunch|S)=0.00:
- | assssssssssssssssssssssssas :
Dear Friend Lunch Money p(Money|S)=0.57
For example, if we
@ e e T P » Money Money Money Money Lunch
/\—/ p(S)*p(Money | S )xp(Money|S ] xp(Money|S)Xxp(Money|S]Xp(Lunch|S ]
...which looks like it could - [T . _‘_i.??'
be Spam because it has : ...because et "'"u:::‘::'.::
the word Money init a p(Lunch|S)=0, “d
bunch of times... and anything times =033 X057 X057 X0.57X0.57X0=0
...then, when we 0150, we get0. Good thing there'’s an sasy way to deal with the
calculate this score... \-” problem of missing datalll Read on for the

solution. 1%



Multinomial Naive Bayes: Dealing With Missing Data

else based on histograms. As we saw in Chapter 3, we can easily missing data by adding something called a
have missing data if the Training Dataset is not large enough. pseudocount to each word.

A pseudocount is just an extra value added to each word, and
usually adding pseudocounts means adding 1 count to each NOTE: pseudocounts are added
to every word In both histograms,

word. Here the pseudocounts are represented by black boxes. : )
. even If only one histogram has

Missing data can pose a real problem for Naive Bayes or aﬂ’ﬂhirf;/) So, Naive Bayes sliminates the problem of

[ ‘.*': missing data.
N Y
. .i' “;-..
B ]
H N *..-"‘ ‘*.. .
_ N [ | 1 _
H N N ] _
H H H [ B | _
N H N N | N N _
Dear Friend Lunch Money Dear Friend Lunch Money
After we add the pseudocounts to the B B
@ histograms, we calculate the probabilities :*‘Y p(Dear | N) = 0.43 p( Dear | S)=0.27
just like before, only this time we include the : p(Friend |N)=0.29 o Friend | S)=0.18
pseudocounts in the calculations. ‘ o Lunch | N) = 0.19 p(Lunch | S ) =0.09
8+1: T :.." p(Money|N)=0.10 o(Money | S )= 0.45
p(Dear |N) = =—3:= 043 :

. Because Money Money Money
Now the scores for this Money Lunch has a higher score
message are... "'n\“l'.'.ll"le'-yI Mﬂney Mﬂ“E}\" Mﬂne’y Lunch for Spam (0.00122) than Normal

(0.00001), we classify it as Spam.

M
SPAM!!!

p(N)Xp(Money | N)4Xp(Lunch | N)=0.67 X 0.104 X 0.19 = 0.00001
p(S)%xp(Money | S )4xp( Lunch | S ) = 0.33 X 0.454 x 0.09 = 0.00122
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Multinomial Naive Bayes vs. Gaussian Naive Bayes

In contrast, when we have continuous data,

like these measurements for Popcorn, Soda

Pop, and Candy consumption taken from 4
people who Love Troll 2...

So far, we've shown how Naive Bayes
works with discrete data, like individual
words in a message...

Y - .
Normal ,_"* Spam »
b Popcorn Soda Pop Candy
i (grams) (mil) (grams) f
24.3 750.7 0.2
H 28.2 533.2 50.5 ..and from 3
| . . t " peaple who Do
[ ...by building : elc. SLC.
- Histograms. . : Mut Love Troll 2..
= = T j Popcorn SodaPop Candy
] u m <t (grams) (mi) (grams)
= = = - & 2.1 120.5 90.7
[] | [] W 7 ...andusing the 7
Dear Friend Lunch Money: histﬂgramgs to ; . 4.8 1109 102.8 -.We can calculate
: oulat . , etc. etc. etc. " the means and
mYv calculale 4 standard deviations
N probabilities that ., ot of each column to
u ] are used to make ‘*._* Pa— L L draw Gaussian
N [ ] classifications. Y 5
N B u L] o Popcorn : (Normal) curves.
Dear Friend Lunch Money L 2 : i
ii“.“. E 'V
4 O Soda Pop
pl Dear | N) = 0.43 p(Dear|S)=0.27 ..and Ufe ihekﬂe
curves to make
ol Friend | N) = 0.29 ol Friend | S ) =0.18 classifications.
o(Lunch |N)=0.19 o( Lunch| S ) =0.09 Candy Read EQE learn
ol Money | N) =0.10 o[ Money |5 ) =0.45 ——/_\"‘?
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Gaussian Naive Bayes: Details Part 1

First we create Gaussian (Normal) curves for  Starting with Popecorn, for the people who Do
each Feature (each column in the Training Not Love Troll 2, we calculate their mean, 4, T q G .

| and standard deviation (sd), 2, and then usse SN We draw a laalssian

curve for the people who

Data that we're using to make predictions).
those values to draw a Gaussian curve. Love Troll 2 using their
.+ mean, 24, and their

“ #" standard deviation, 4.

Fopcorn
(grams) X
243 | -780.7.. L.l ' v
28.2
mean =24
. . s =4
21 | 120.5 _.l... Popcorn |
4.8 ."." Sl LT PP ust?
Soda Pop
(mi)

Likewise, we

etc.
750.7
draw curves
mean = 220 mean = 500 535.2 for Soda
sd =100 = I ) Pop...
‘--i """ LT T LA .
’ *-3. mean =25
' sd=5
mean = 100
...and for Candy.

=20
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Gaussian Naive Bayes: Details Part 2

Now we calculate the Prior Just like for Multinomial Naive Bayes, this Prior In this case, the Training Data
Probability that someone Probability is just a guess and can be any probability came from 4 people who
Loves Troll 2. we want. However, we usually estimate it from the . Love Troll 2 and 3 people

- number of people in the Training Data. = who Do Not Love Troll 2
; o oy i’ ﬂ’ i,
,D( Loves Troll 2 ) # of People Who Love Troll 2 _ £ — 06 * #
Total # of People 4+ 3

Then we calculate the Prior
Probability that someone
Does Not Love Troll 2...

,D( Does Not Love Troll 2 ) # of People Who Do NotLove Troll2 _ 3 —04

Total # of People ~ 4+3

Now, when a new
person shows up... Popcorn
\ ...and says they ate 20 ' '

grams of Popcorn..

-..,:.:. _____ Soda Pop
e t_*:-.-..,_h_. ...and drink 500 m|
*-"t‘_ *r."-*...#. I:If Sl:lda FC‘D---
u"*.h ...and ate 100 grams
", of Candy... — Candy
LT "
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Gaussian Naive Bayes: Details Part 3

...we calculate the score for Loves
Troll 2 by multiplying the Prior _
Probability that they Love Troll 2... .
. y y PRI sanunn ainssssasnsssassnsansannas x

:‘* u‘*-“' o ' x
p( Loves Troll 2) N ot B T X
x L[ Popcorn = 20 | Loves ) b | Soda Pop
A x1(SodaPop =500 | Loves)

£ x1(Candy=100 | Loves ) 4", | ' X

::'" *e, i

...by the Likelihoods, the y-axis coordinates, .

that correspond to 20 grams of Popcorn, 500 . Candy
ml of Soda Pop, and 100 grams of Candy,

given that they Love Troll 2. a v

Popcorn

NOTE: When we plug in the actual numbers... ,_.4*"’_L ...we end up plugging in a tiny
number for the Likelihood of Candy,

F'[ Loves Troll 2 ] ............................. » 0.6 because the y-axis coordinate 2
superclose to 0...

X L[ Popcorn =20 | Loves ) sssesssssansaans » x 0.06 . '
Aol B 5 \*...and computers can have trouble
x L(Soda Pop = 500 | Loves )===sssr=russs; > 3'5':'[:'[3'4 ________________ '_-' doing multiplication with numbers very
x L{Candy = 100 | LOVES ) sssssrrrrassaness a- X 0.000000000...001} 4 leznimel s proelzo = sllog
.......................... Underflow.
To avoid problems associated with numbers close to
0, we take the log (usually the natural log, or log / .and turns numbers close to 0
base e, which turns the multiplication into addition... into numb ers far from l:l —-,i
hereeees” v pt et _: ..and when we do the
log(0.6 x 0.06 x 0.004 x a tiny number) = log(0.6) + 10g(0.06) + l0g(0.004) + log(a tiny number) math, the score for Loves
L L TR Troll 2 = -124.
‘l'iiiiiiiiij “.-*
=-0.51+-2.8+ -5.52 +-115 ; R LS R —

......... - 131



Gaussian Naive Bayes: Details Part 4

Likewise, we calculate the score for
Does Not Love Troll 2 by

multiplying the Prior Probability...

| Popcorn
o(No Love )

o
% L[ Popcorn = 20 | No Love )

Ao,
A x L[ SodaPop =500| No Love)

M xL{Candy=100| No Love) « .

L}
*t

Soda Pop

*
L]

& -
...by the Likelihoods from the Does Not ., -

Love Troll 2 distributions for Popcorn, Temment
Soda Pop, and Candy. But before we do

the math, we first take the log...

A TnRteseen, ...then we plug in the numbers,
logle( No Love )

4o the math, and get 48, -rweeeeeees™™
+ |ﬂﬂ[f_|: Popcorn = 20 | No Love :I] .

L]
l'*“'

" 10g(0.4) + logla tiny number] + 10g(0.00008) + 10g(0.02] -
+ log(L( Soda Pop = 500 | No Love )) 9(0-4) glatiny ) 9 ) 9(0.02
+ log(l(Candy = 100 | No Love ))

ssesunaas 5
— 0.92 + -33.61 + -9.44 + -3.91 =48 !
@ Lastly, because the score for Does Not Love

...a8 someone who Does Not

Troll 2 (-48) is greater than the score for Loves Love Troll 2.
#* Troll 2 (-124), we classify this person... k
‘ W :

Log(Loves Troll 2 Score ) =-124

*
L

*1lh

DOUBLE BAM!!

‘ #'-: Now that we understand
A | og(Does Not Love Troll 2 Score ) = -48 Multinomial and Gaussian Naive
Bayes, |et's answer some

Frequently Asked Questions.
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Naive Bayes: FAQ Part 1

L]
[]
i
L]
L]
L]
L]
L]
-
i)

More Likely

Less Likely

If my continuous data are not Gaussian, can | still use Gaussian Naive Bayes?

Although the Gaussian (Normal) distribution is the
most commonly used, we can use any statistical
distribution in combination with Naive Bayes.

«» For example, if this Exponential distribution
& represents the amount of ime spent reading

i’ books among people who Love to Watch TU_"\—/’_\

T
5] 10 15

U Time Spent Reading

p( Loves TV Prior Probability )
................................................ » X L(Reading=3]|LovesTV)

However, there's one problem with using an
Exponential distribution...

...we can't call it Gaussian Naive Bayes anymorelll
Now we'll call it Exponential Naive Bayes.

Silly Bam.:)

...then we can plug the
Likelihood — the y-axis
coordinate that
corresponds to the
specific amount of time
spent reading — into the
equation for the score for
Loves To Watch TV.
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| don't know, Norm.
Maybe “Naive
Bayes Deluxe!”

What do you call it when we
mix Naive Bayes techniques
together?

Naive Bayes: FAQ Part 2

What if some of my data are discrete and some of my
data are continuous? Can | still use Naive Bayes?

Yes! We can combine the histogram approach from
Multinomial Naive Bayes with the distribution
approach from Gaussian Naive Bayes.

...and c::-mbine those with Likelihoods from

For example, if we had word counts from
Exponential distributions that represent the

Normal messages and Spam, we could

Normal use them to create histograms and amount of time that elapses between
ey probabilities... receiving Normal messages and Spam...
4‘:--* * ;: 3

s

A

...1o calculate Normal and Spam scores
for the message Dear Friend, received

LY ]
t;*‘
¥

N

] | 4 after 25 seconds elapsed, using both .

i discrete and continuous data. ’

= = “"‘.‘ .“'. .

E = = “,  loglp( Normal ) Hikelihood Y ste.

H H H *, '

] ] ] B oy + log(p( Dear | Normal)) Ll h
R 5 . - + log(p( Friend | Normal )) ;: Time between Normal messages

)
17

ar  Friend Lunch Maoney
+ log(L( Time = 25 | Normal)) €

5

N 5.0
- = loglp( Spam |) .
] [ ] +log(p(Dear| Spam | Likelihood |
- - u — ¥ +log(p(Friend| Spam )) ste.
Dear Friend Lunch Money P ‘_.*'
+log(L(Time=25| Spam)) <"

Time between Spam

TRIPLE SPAM!!!

1324



Naive Bayes: FAQ Part 3

How is Naive Bayes related to Bayes’ Theorem?

If we wanted to do extra math that wouldn't change the Becagse Szl el b th.e Same 1N —
L equations, the results are determined entirely by
result, we could divide each score by the sum of the . small bam.
d that d a Ba ' Th the numerators. So, to save time and trouble,
EGD:EE’ and that would give us bayes' Theorem. often the denominators are omitted.

: p(N)xp(Dear | N)Xp( Friend | N
* p(N | Dear Friend) =

‘ Y p(N)xp(Dear|N)Xp(Friend| N)+p(S)%p(Dear|S ) %xp[ Friend | 5)
: "n. N
T p( S )xp( Dear | S) xp(Friend | S )
"-,_ p(N)xp(Dear|N)Xp(Friend| N)+p(S)%p(Dear|S ) %xp[ Friend | 5)
l-.'**. .:'.

Hey Norm, now that we know two
different ways to make classifications,
how do we choose the best one?

Great question ‘Squatch!
And the answer is in the next
chapter, so keep reading!
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Chapter 08
Assessing Model

Performance!!!




Assessing Model Performance: Main Ideas

|
H = = _ = _
The Problem: We've got this dataset, and we N B L1 B

want to use it to predict if someone has Heart _.ﬂ' Chest Blood Blocked
Disease, but we don’t know in advance which Should we choose _‘.-" Pain Circ.  Arteries

model will make the best predictions. Naive Bayes... .f::,_*_‘

‘ -*.
Blocked : Heart . —
Arteries | oM bicease Weight
Mo Mo Mo 125 Mo
Yes Yes Yes 180 Yes
...0r Logistic
Yes Yes Mo 210 Mo Hegressign? )
A Solution: Rather than worry too much upfront about ...to Receiver Operator Curves (ROCs),
which model will be best, we can try both and assess which give us an sasy way to evaluate
their performance using a wide variety of tools... how each model performs with different

classification thresholds.

1s

l-"';*

L L g

L] .i.}.

]

Has Heart Does Not Have from Confusion 1
Disease Heart Disease Matrices, simple grids
Has Heart . that tell us what sach
3 Disease 142 == model did right and what True o BAM'"
a each orne did wrong... Positive - me
< ?_Teis rt”g;:;;: 20 110 v i Rate Let's start by learning
L about the Confusion
o Matrix.
D-

|
| |
0 False Positive Hate 1 137



The Confusion Matrix: Main Ildeas

Blocked

Arnteries
So we have this dataset that we can use

to predictif someone has Heart Disease, dividing the data s=**Y
and we want to decide between using nto tw::% blocks '5‘
Naive Bayes and Logistic Regression. P

Weight _ean v

LR LD Lo No No No 125 No

! . Blocked . Heart
Disease ...and we use the first Arteries | Veight . o
block to optimize
Mo No Mo 125 Mo both models using Yes Yes Mo 210 No
Ves Ves Ves - Ves Cross Validation.

Yes Yes Mo 210 Mo

We then build a Gonfusion Matrix for the

. _ optimized Logistic Regression model...
Then we apply the optimized Naive Bayes model to the

second block and build a Confusion Matrix that helps m

us keep track of four things: 1) the number of people

with Heart Disease who were comectly predicted to ves ‘ No
have Heart Disease... 8 Yes 137 o0

. l—\“ E -
: ...2) the number of people a No 29 | 115

with Heart Disease who were

m incomectly predicted to not ...and, at a glance, we can see that

.'1; Has Heart  Does Not Have have Heart Disease... Logistic Regression is better at
'*,_ R Heart Disease r predicting people without Heart
'*.1 na Disease and Naive Bayes is better
Has Heart I ot L .
§ Disease 142 22 erepe pas® ...3) the number of people at predicting people with It.
t:' without Heart Disease who Now we can pick the model
< Does Not Have nQ 110 were cormrectly predicted to b
Heart Disease - * not have Heart Disease based on whether we want to
4 Voo identify somecne with or
H without Heart Disease.
‘*._...and, lastly, 4) the number of people without Heart Disease BAM"
"« who were incomrectly predicted to have Heart Disease.
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The Confusion Matrix: Details Part 1

When the actual and predicted ) ...when the actual value is YES,
values are both YES, then we but the predicted value is NO,
call that a True Positive... then we call that a False

1;_" Predicted :, Negative...

'*.“ Yes Mo
Y A
= Yes True Positives | False Negatives
: -
No False Positives | True Negatives
Rl A v
: ':'.* ...when the actual and
...and when the actual value is ‘." ", predicted values are both NO,
NO, but the predicted value is ~ “trenaass then we call that a True
YES, then we call thata False® Negative...
Positive.

Hey Norm, of all the
matrices I've seen in my day,
the Confusion Matrix is one
of the least confusing.




The Confusion Matrix: Details Part 2

...then the corresponding Confusion

When there are only two possible
outcomes, like Yes and No...

' each for Yes and No.

4

L
||||..|,._._I'|
]

Maftrix has 2 rows and 2 columns: one

' -:

Does Not Have

Blocked . Heart .
Arteries | VeI picease I « Has Heart _
A Disease Heart Disease
Mo MNo Mo 125 Mo Has Heart
© Disease 142 22
Yes Yes Yes 180 Yes g
Does Not Have o

Yes Yes Mo 210 Mo Heart Disegse 23 110

In general, the

When there are 3 possible cutcomes, like in this ...then the corresponding Confusion ]
dataset that has 3 choices for favorite movie, Matrix has 3 rows and 3 columns. size of the
Troll 2, Gore Police, and Cool as Ice... % matrix
‘e, ot "ra, corresponds to
", et A the number of
Jurassic HT:M Favorite p : we want to
sl i Duck ekl := ':H Traoll 2 Gore Police  Cool As |ce predict.
Yes Mo Yes Yes Troll 2 ‘:' Bam.
L Troll 2 142 22
Mo Mo Yes Mo GD.FE
Police —
No Yes Yes Yes Cool as .g Gore Police 29 110
lce =
Cool as lce
140




The Confusion Matrix: Details Part 3

Unfortunately, there's no standard for how a In other cases, the rows reflect
. o . - So, make sure you read
Confusion Matrix is criented. In many cases, the the predictions and the
o the labels before you
rows reflect the actual, or known, classifications columns represent the actual, imteroret 2 Canfusion
and the columns represent the predictions. or known, classifications. P Matrix!
4';- l.-.l*‘ .
oY v
,r*'," Has Heart Does Not Have ;" Has Heart Does Not Have
Disease Heart Disease | 4 Disease Heart Disease
_ Has Heart True False Has Heart True False
] Disease Fositives Negatives Disease FPositives Positives
©
< [oesNotHave False True Does Not Have False True
Heart Disease Positives Negatives Heart Disease  Negatives Negatives

Hey Norm, | guess this means
that Confusion Matrices really
can be confusing if you're not
carefull
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Gentle Reminder:
' True Positive False

. Yes No Negative

The Confusion Matrix: Details Part 4

L
o

Lastly, in the original example, when we ...bgcause both matrices : B Yes o TP ‘ EN €
compared the Confusion Matrices for contained the same number § g
Naive Bayes and Logistic Regression. = of False Negatives (22 - No FP | TN True
4 p each) and False Positives False Positive--" P.. Negative

1-_.‘ (29 each’]y
“ Lnglstu: ..all we needed to do was compare the True Positives (142 vs. 137)

Nalve Bayes s S b=l tn:u quantify how much better Naive Bayes was at predicting people
with Heart Disease. Likewise, to quantify how much better Logistic

g Yes 142 \ g Yes 137 | vis . .
E — E — Regression was at predicting pecople without Heart Disease, all we
AL - | 110 i - | 115 needed to do was compare the True Negatives (110 vs. 115).
H:I:-wever, what if we had ended up with We can still see that Naive Bayes is better at predicting people with
different numbers of False N:gaﬁves Heart Disease, but quantifying how much better is a little more
and False Fn5|t|:res. s cc-mplicated because now we have to compare True Positives (142
e e o vs. 139) and False Negatives (29 vs. 32).
Naive Bayes v, No b-* S D F We still see that Logistic Regression is better at predicting
F Ves 142 ‘ o9 T Yes 139 | 90 people without Heart Disease, but quantifying how much
# — £ — better has to take True Negatives (110 vs. 112) and False
< No 22 | 110 < No - | 112 Positives (22 vs. 20] into account.

0 The good news is that we have metrics that include various

combinations of True and False Positives with True and False
Negatives and allow us to easily quantify all kinds of differences BAM ' ' '
in algorithm performance. The first of these metrics are Sensitivity HEN

and Specificity, and we'll talk about those next.
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Gentle Reminder:

Sensitivity and Specificity: Main Ideas |
v i v I. Truepnsit_iue False

, , , ., Yes Mo Negative '
When we want to quantify how well an algorithm (like Naive Bayes) = o | 4_.' ,

correctly classifies the actual Positives, in this case, the known i g Yes R N
people with Heart Disease, we calculate Sensitivity, which is the E No FP | TN

percentage of the actual Positives that were correctly classified.

True Positives (\/

True
' False Positive.- P.. Negative

Predicted

Sensitivity = F - -

True Positives + False Negatives or example, using the Heart Disease -
Q data and Confusion Matrix, the Naive Bayes v, No
Sensitivity for Naive Bayes is 0.83... 8 Yes 142 | o9

- ."*.‘IIII‘I'.-‘.J E

Pmd_nt:te-:i < "eaie =

| SENSItVILY = mmmr— = ——taa = 0,83
Yes TE EN TP+ FN 142 + 29

Actual

...which means that 83% of the people with
Heart Disease were correctly classified. BAM ! !!

When we want to quantify how well an algorithm (like Logistic
Regression) correctly classifies the actual Negatives, in this case, the

known people without Heart Disease, we calculate Specificity, which is o ————
the percentage of the actual Negatives that were correctly classified. Logistic

True Negatives For example, using the Heart Disease data
True Neg atives + False Positives and Confusion Matrix, the SpEGIflGItY for
Logistic Regression is0.85...

TN+ FP 115 + 20 .

Specificity =

Actual
|

No o ‘ 112

Yes Mo
ﬁ L
gl. ...which means that 85% of the people without DOUBLE at?;:rll'-‘ertei::ilgn
N FP ' ifi
i o TN Heart Disease were correctly classified. BAM ! !! and Recall.
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Gentle Reminder:
| True Positive __ predicied [N

. Yes Mo Negative :

Precision and Recall: Main Ideas

Precision is another metric that can summearize a . 3 v “*.} | <&
Confusion Matrix. It tells us the percentage of the = 5 es TP FN

predicted Positive results (so, both True and False ' E No FP | TN
Positives) that were comectly classiﬂ?

True
' False Positive.- P.. Negative
True Positives |

True Positives + False Positives For example, using the Heart Disease Naive Bayes m
data and Confusion Matrix, the Yes

Precision for Naive Bayes is 0.87...

Precision =

ye B Yes 142
-::g;uaag;. l#:"_i- i'r-ql..‘”‘_'.‘L E ND o0
ves SENSItVILY = s = ———taa = 0,87
§ Yes TP TP + FP 142 + 22
E No FP ...which means that of the 164 people that we predicted to have Heart Diseass, 87%

actually have it. In other words, Precision gives us a sense of the quality of the
positive results. When we have high Precision, we have high-quality positive results.

Recall is just another name for Sensitivity, which

is the percentage of the actual Positives that were

correctly classified. Why do we need two different
names for the same thing? | don't know.

Hey Norm, | have trouble
remembering what Sensitivity,
Specificity, Precision, and
Recall mean.

True Positives

Recall = Sensitivity = Agreed! But Josh's

Silly Song makes it
3 little easier.

True Positives + False Negatives

Yes Mo
Yes TP FMN

Actual



The Sensitivity, SFecL&ct‘.Ej, Precision, Recall Song!!!

i Scan, click, or tap 4

i this QR code to |

hear the Silly
Song!!!

st O
b MR oy
- & L] [ 1]

=l|l i - _EEwm

b | is the per-cem-tage of actual positives correctly predicted.

Spe-ci- fi-ci -ty s the per-cen-tage of actual negatives correctly predicted.

| Now go back
to the top and
repeatll]

correctly Fre.di.cte.::l and recall getsus back to the start it the same as...

Mow let’s talk about the
True Positive Rate and
the False Positive Rate.




True Positive Rate and False Positive Rate: Main ldeas

The True Positive Rate is the same thing as Recall, which is " ] T " ) ]
the same thing as Sensitivity. | kid you not. We have 3 entie Reminder:

names for the exact same thing: the percentage of actual " . m
Positives that were correctly classified. TRIPLE UGH!! il False

“~, | Yes Ne  Negative
Vg 'b} .{-l'
True Positive Rate = Recall = Sensitivity = JrueFositives . Yes TP | N
True Positives + False Negatives E No FP | N

True

False Positive-- F.. Negative

Yes Mo
| Yes TP FMN

Actual

The False Positive Rate tzlls you the percentage of Okay, now we've got some fancy
actual Negaﬁ\'es that were J'.ﬂCGfTE'Ct.II_'}" classified. In termiﬂgh:.gyr that we can use to summarize
this case, it's the known people without Heart individual confusion matrices. BAM?

Disease who were incorrectly classified.

To be honest, even with the Silly Song, | find it

False Positive Rate — False Positives hard to remember aIII of this fancy t'?:-rmiﬂmﬂg‘f
False Positives + True Negatives and so don't use it that much on its own.
However, it's a stepping stone to something
m that | use all the time and find super useful:
ROC and Precision Recall Graphs, so |let's
Yes No learn about those!
El No FP N I NOTE: Remember, Specificity is the proportion of 1 BAM ' ' '
¥ actual Negatives that were comrectly classified, thus... ! EEE

False Positive Rate = 1 - Specificity
..and...
= 1 - False Positive Rate

Specificity
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ROC: Main Ideas Part 1

In Chapter 6, we used Logistic Regression to predict
whether or not someone loves Troll 2, and we mentioned

that usually the classification threshold is 50%... ‘\

1 = Loves Troll 2 - ...which means that if the predicted
4\ o+« probability is = 50%, then we classify them

. as someone who Loves Troll 2...

Frobability

that sormeone K,—\/
loves Troll 2
...and if the probability is < 50%,
A 4 3330 then we classify them as somecne
g DoesNot who Does Not Love Troll 2.
Love Troll 2
Fopcorn (g)
Mow, using a classification e R
threshold of 50%, we can Confusion Matrix.****~.
classify the Training Data... ", .
LY ‘ m NOTE: This False Negative
e, Yas Mo , comes from someone we know
L e, — 4£°) oves Troll 2, but has a predicted
1= Loves Troll 2 = : Ty g Yes : | 1 probability of 027,
A : < No 1 | 3 :
Prob ability : A
that sormeone : ;
Jee el NOTE: This False Positive
i comes from someone we
:_ Does Not know Does Not Love Troll 2,
= Love Troll @ '] - but hB.EIEI_ predicted
probability of 0.94.

Fopcorn (g)

147



ROC: Main Ideas Part 2

Mow let's talk about what happens when we
use a different classification threshold for

deciding if someone Loves Troll 2 or not.

1 =Loves Troll 2 -

For example, if it was super
important to correctly classify
every single person who Loves
Troll 2, we could set the

A
Probability
that sormeone
loves Troll 2
h
0= Does Not
— Lowve Troll 2
T T
Fopcorn (g)

When the classification threshold is 0.01, we
correctly classify everyone who Loves Troll 2..

1 =Loves Troll 2 =
A
Probability
that someone
loves Troll 2
b 4
0= Does Not
~ Love Troll 2 -I,

FPopcorn (g)

_

Actual

threshold to 0.01.

* NOTE: If the idea of using a classification §
threshold other than 0.5 is blowing your
mind, imagine we're trying to classify
people with the Ebola virus. In this case,

- it's absolutely essential that we correctly |
N identify every single person with the virus
to minimize the risk of an cutbreak. And
» that means lowering the threshold, even if £
it results in more False Positives.

..and that means there are

0 False Negatives...

Yes Mo 2 ,
A ...but we also Increase
o ‘ . the number of False
g | )  Positives ic 2 because
.+ these two people we
""' _ " know Do Not Love Troll

2 are now predicted to
Love Troll 2.
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ROC: Main Ildeas Part 3

On the other hand, if it was super important to
correctly classify everyone who Does Not Love Troll

2, we could set the classification threshold to 0.95...
1 = Loves Troll 2

L]
a
"]

Gentle Reminder:

) ..1". True Positive m False
| Yes No  Negative ]
] ""4} *:
Probability . P | N
that someone No FP TN
loves Troll 2 ' ﬂ True
' False Positive-- == Negative
0= Does Not :
Love Troll 2 : : . .
Fopcorn (g)
...and now we would have 0 False Positives ool UL BUEE D02 VL] iettie oo (7 alid= L=l el
because two people that we know Love Troll 2
because all of the people that we know Do Not : -
Love Troll 2 d b ty ol o would now be incorrectly classified as people
Ve I < Wolld be Cottectly classtied... who Do Not Love Troll 2...
n"‘u I
1 = Loves Troll 2 “.‘ - ’
Frobability

that someone
loves Troll 2

...

a

.
L™ “1'
--.'IIIIll|II.=“‘

...and we would end up with
this Confusion Matrix.
A 4 Wrornannanns®®’ Yes No
Does Not — ~ K
S5 e el g Yes 3 ‘ -
| | I 1 E
Fopcorn (g)
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ROC: Main Ideas Part 4

We could also sat the classification
threshold to 0, and classify everyone
as someone who Loves Troll 2...

...and that would give us
this Confusion Matrix.

Probability @ Yes 5 ‘ 0
that someone
loves Troll 2 E No 4 | 0
v
0- Does Not
— Love Troll 2

Popcorn (g)

0 Or, we could set the classification threshold to

1 and classify everyone as someone who Does ,
. Not Love Troll 2. ...and that would give us

this Confusion Matrix.
‘Iq ';.‘
1 = Laves Trall 2 k7Y m
Yesg MNo
Probability 8 Yes 0 ‘ 5
that someone -
loves Troll 2 E No . ‘ 4
A 4
0= Does Not
~ Lowve Troll 2

Popcorn (g)
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ROC: Main Ideas Part 5

SR 1B 10 s T E DlaESW_.’..aﬂd when we do, we end up with 10 different Confusion Matrices that we
threshold from qu 1... can choose from. [NOTE: The threshold under each Confusion Matrix is
& just one of many that will result in the exact same Confusion Matrix).
1 =Loves Troll 2 = Yes No Yes Mo
§ Yes 5 ‘ 0 § Yes 5 0
Probability (5 f TR -
that someone < Ne 4 ‘ 0 < : : 1
loves Troll 2 Threshold =0 Threshold = 0.007
v | Predicied | Predicted |
0= Does Not |
~ Love Troll 2 i Yes Mo Yes Mo
T = ) — :
Popcorn (g) @ Yes 3] ) 9 Yes 5 ‘ )
g N 2 2 8 o R
Threshold = 0.0645 Threshold = 0.195
Yas No Ves NG Ves N IJG!-!... '!T’ylﬂg to find the ideal
- - - classification threshold among all
@ Yes 4 ‘ 1 @ Yes 3 ‘ 2 8 Yes 3 ‘ 2 of these technicolor Gonfusion
E No 1 | 3 E No | | 3 E No - | 4 Matrices is tedious and annoying.
' Wouldn'titbe awesome if we
Threshold = 0.5 Threshold = 0.87 Threshold = 0.25 could consclidate them into one

easy-to-interpret graph?

Yes Mo Yes Mo Yes Mo ' ' '
Yes 2 ‘ 3 Yes 1 ‘ 4 Yes 0 5 YES
HEBE
Mo i | 4 ' Mo '
Threshold = 0.965 Threshold = 0.975 Threshol

Actual

Actual

Actual
— |

Well, we're in luck because that's
what ROC graphs dolll

&_—
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ROC stands for Receiver Operating
Characteristic, and the name comes from the
graphs drawn during Word War Il that summarized
how well radar operators correctly identifisd
airplanes in radar signals.

ROC: Main Ildeas Part 6

ROC graphs are super helpful when we nesd to identify

a good classification threshold because they summarize

how well each threshold performed in terms of the True
Positive Rate and the False Positive Rate.

. —

: Each gray dot on the ROC graph tells us the

True Positive Rate and the False Positive
Rate for a specific classification threshold.

At a glance, we can look at the
top row of points and tell that
the classification threshold that
resulted in the point on the left
side performed better than the
others because they all have
the same True Positive Rate,
but the point on the left has a

| 4

The higher the dot is o
@ along the y-axis, the True Positive lower False Positive Rate.
higher the percentage of s=s.... » Rate
actual Positives were (or Sensitivity **-*.,*
cormrectly classified... or Recall) e,

@ The diagonal line shows where the
True Positive Rate = False Positive Rate.

|
I
.1

False Positive Rate
(or 1 - Specificity)

’_}" Now that we understand the
- main ideas behind ROC graphs,
...and the further to the |eft along the x-axis, the lower the let’s dive into the details!!!

percentage of actual Negatives that were incorrectly classified.
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ROC: Details Part 1

Gentle Reminder:

True Positive I  False

. Yes Mo
To get a better sense of how an ROC graph works, let’s draw one

Negative
from start to finish. We'll start by using a classification threshold, 1,

that classifies everyone as someone who Does Not Love Troll 2...

s
1 = Loves Troll 2

Frobability
that someone
loves Troll 2

<

Does Not
Love Troll 2

i

Fopcorn (g)

Using the values in the Confusion Matrix, we
can calculate the True Positive Rate...

Yes "}TF ‘ FN |«

Mo
' False Positive-™"

...and when the classification
threshold is set to 1, we end up
with this Confusion Matrix.

FP | TN

True

.. Negative

. Yes Mo
"*. ®  Yes 0 | 5
--} = §
E Mo | 4
Threshold = 1

...and then we can plot that point, (0, 0),

on the ROC graph. =
True Positive Rate = Tue Positives , IS
True Positives + False Negatives :
0 PP _ . :
= ﬁ = [:l ey, *'t“, TI’LJE F‘DEIi’IVE 5
+ *-.hn Rate -
e, (or Sensitivity s
..and the False Positive Rate... or Recall)
False Positive Rate — Fajse Posiives Ty o
False Positives + Trus Negatives D_.Q
|
0 0 L 4 ! False Positive Rate :
0+ 4 e, -

[or 1 - Specificity)

153



ROC: Details Part 2

Now let's lower the classification threshold to
0.975, which is just enough to classify ons
person as someone who Loves Troll 2...

I‘.

-."ill.*.'-‘
-

gy

1 = Loves Troll 2

Frobability
that someone
loves Troll 2

<

Does Not
Love Troll 2

[

Fopcorn (g)

Using the values in the Confusion Matrix, we
can calculate the True Positive Rate...

True Positive Rate = Wb [Pk i

True Positives + False Negatives

...and the False Positive Rate...

False Positive Rate = False Positives

False Positives + True Negatives

D+‘q- Babb L LT

=
e
TTILII I T

.++*** Does Not Love Troll 2...

Gentle Reminder:

True Positive I  False

Y Yes No  Negative

Yes N TP ‘ FN «£
No FP | TN
' False Positive-™"

True
-« Negative

...and everyone else is
classified as someone who

Yes Mo
f\_/ § Yes 1 ‘ 4
: : o E No | 4
...and that gives us this *°

Confusion Matrix. Threshold = 0.975

...and then we can plot that point,
(0,0.2), on the ROC graph...

1 x

...and the new pointis
above the first poirt,

showing that the new
_.: threshold increases the

O

L]
-
L]
L]
#
]
-

True Positive

b | Rate 5 proportion of actual
e, (or Sensitivity < Positives that were
e, or Recall) &

cormectly classified.

BAM!!!

]
l*".*.'

..;..

y 3
O
o 010
-1-""“ |
O

False Positive Rate
[or 1 - Specificity)

.l

.
.l
.'_I.

—k ——
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¥ Gentle Reminder:
True Positive ML S I  Faise

" hi N i
Now let's lower the classification threshold to u,'} = © N?gatwe
0.965, which is just enough to classify 2 Yes TP ‘ FN (€
people as people who Love Troll 2... . No FP | TN

L

ROC: Details Part 3

True

l*q.

' False Positive-- .. Negative

1 = Loves Troll 2 .
...and everyone else Is

classified as someone who m

Froba blllt"‘lll" ...'l:#.l-l
(LT s Does Not Love Troll 2... Ves NG
loves Troll 2 f\—/ § Yes ) ‘ e
(= .
v Sl ...and that gives us this """ - No ' | 4
U= ove Troll 2 Confusion Matrix. Threshold = 0.985
Fopcorn (g)
Using the values in the Confusion Matrix, we ...and then we can plot that point,
can calculate the True Positive Rate... (0,04), on the ROC graph...
. True Positives | P x
True Positive Rate = b L
True Positives + False Negatives JeetilLiLtl ", : ...and the new pointis
ot '*-*‘ . above the first two
o ot ", +  points, showing that the
= ﬂ = 0.4 oL eanrt® True Positive ™, s new threshold increases
* Rate « _.** the proportion of actual
[or Sensitivity o Positives that were
...and the False Positive Rate... or Recall) comectly classified.
False Positive Rate — Flallse Positives . ‘._-_‘.1-
False Positives + Trus Negatives o D_.Q
PP Lo |
0 9 PRPRTTTL asnrnt® [; False Positive Rate :
= m — |l SfassssnmEmN I:':lr _1 _ Speciﬂcity]
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ROC: Details Part 4

Likewise, for each threshold that increases the number of Positive

classifications (in this example, that means classifying a person as

someone who Loves Troll 2), we calculate the True Positive Rate
and False Positive Rate until everyone is classified as Positive.

1

Yes Mo )
§  Yes 3 | 2 ".*". 1
E No s | 4 :."
LU Threshold = 0.95 ] ,

| 4 Or;: ) LT 0
© 0% -

True Positive

Rate _ "
(or Sensitivi O “ﬂ : "
or Recall) O : W %,
L , ‘ "
P redicted . » 3 "
a® L o a "
an® L & -
Yes Mo | L Lessee*® . o ‘_' .
-I- -'.l
Yes 3 ‘ 2 0 . 3

Actual

Mo 1 | 3
Threshold = 0.87

0 _-: False Positive Rate
[or 1 - Specificity)

1




ROC: Details Part 5

After we finish plotting the points from
each possible Confusion Matrix, we
usually connect the dots...

14

True Positive

...and add a diagonal line that tells

us when the True Positive Rate =

False Positive Rate.

Now, without having to sort through a huge

Rate pile of Confusion Matrices, we can use the
(or Sensitivity ROC graph to pick a classification threshold.
or Recall)
, ...but if we can tolerate a few False
Drene et sl il Foks Positives, we would pick this threshold
0t Fn.sl fives, but want to because it correctly classifies all of the
maximize the number of actual B

actual Positives.

Positives correctly classified,
we would pick this threshold...

—  —

False Positive Rate
[or 1 - Specificity)

True Positive
Rate

[or Sensitivity

or Recall)

"

ROC graphs are great for selecting
an optimal classification threshold
for a model. But what if we want to
compare how one model performs
vs. another? This is where the AUC,
which stands for Area Under the
Curve, comes in handy. So read on!!!

O

False Positive Rate
(or 1 - Specificity)

157



AUC: Main ldeas

Now, imagine we created Logistic

Regression and Naive Bayes models and
tested them with the same data, and we j

wanted to know which model performed

In theory, we could compare the individual ROC
graphs, and when we only have two models to

¥ compare, this is a pretty good option.

be:tter. -li-.'l!llllll.pl.--i'l".'.‘. -
.‘L"l... v /\—/
ROC for Logistic Regression ROC for Naive Bayes
1= 1= However, if we wanted to
compare a bunch of
models, this would be just
True True as tedious as comparing a
P ositive P ositive bunch of Confusion
Rate Rate Matrices.
UGH!!
0™ 0= | :
0 False Positive Rate 1 0 False Positive Rate 1
So, instead of comparing a bunch of ROC graphs, one
simple way to summarize them is to calculate and "~ and the AUC for Naive
compare the AUC: the Area Under each Curve. Bayes is 0.85...
1= 1=
...and because Logistic
, Regression has a larger
True Sl ez g ks True AUC, we can tell that,
Positive AUC for Logistic Positive overall, Logistic Regression
Rate Hegressmrl‘m 08... Rate performs better than Naive
‘,_*‘ Bayes with these data.
0 0= BAMIN

1 False Positive Rate

1 False Positive Rate 4
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A B AuC = 8.85

AUC: FAQ How do you calculate the AUC?

My favorite way is to get a computer to do it...

BAM! 1!

...out if you want to do it by hand, you simply divide the
area into a bunch of rectangles and triangles and add
% the areas of each shape together.

‘,‘_l-li-i' ::‘ D.EDD
-_l-!-"-.' -1 D.EDD
u‘.i' Area =? 0.925 x 0.2 = 0.025 0200
u-" 030
.‘:'H-" + D.DEE
-1 = —
Area === (.25 x 0.2 = 0.025 ., AUC = Total Area = 0.850
0.8
0.6
True o D@ .
Positive ‘ﬂﬂ
Rat .
ate 0.4 .
0.2
Area=025x0.4=0.1 T L
0

0.5 0.75 1
False Positive Rate

0 0.25

Area =0.25x08=0.2



" BUT WAITIT
_THERE’S MORE!!!_/




Precision Recall Graphs: Main ldeas Part 1

An ROC graph uses the False Positive Rate on the x-axis, and
this is fine when the data are balanced, which in this case means

there are similar numbers of people who Love Troll 2 and who
Do Not Love Troll 2.

-1 —
1 O = Loves Troll 2
A
O _ Does Not
FProbahbility Love Troll 2 True
that someone Fositive
loves Troll 2 Rate
A 4
0 ()=
I I I 1 = :
Fopcorn (g) n False Positive Hate 4

...then the ROC graph is hard to interpret because

the False Positive Rate barely budges above 0
(which wouldn't be surprising since it consistently before we have a 100% True Positive Rate.
wins “worst movie ever” awards)... ]

5 v v -

However, when the data are imbalanced, and we
have way more people who Do Not Love Troll 2

1 : N | = o [N Other words, the ROC

L : i ' : o graph makes any model
m o that simply predicts No

Probability NG . o 100% of the time look

that sormeone - o really good.
loves Troll 2 | 0 » F"Ic::is;gfe % yd
& The good news is that we
200 o*

v I have Precision Recall

0 1 Threshold = 0.5 o graphs that attempt to

T T T 1 o . deal with this problem.

Popcorn (g) Read on for detailsil

|

1 1

n False Positive Rate 4
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Precision Recall Graphs: Main ldeas Part 2

A Precision Recall graph simply replaces the False

Rate on the x-axis with Precision and renames the y-axis

Recall since Recall is the same thing as the True Pos

1 5
Proba bilityT
that True
sbmeone Fositive
loves Troll 2 Rate
v
0
D_

Positive With Precision on the x-axis, good classification

hresholds are closer to the right side, and now we

/t
can clearly see a bend where the classification

thresholds start giving us a lot of False Positives.

itive Rate.

k |
e
o

Popcorn (g)

The reason Precision works better than the False
Positive Rate when the data are highly imbalanced
is that Precision does not include the number of
True Negatives.

Gentle Reminder:

| True Positive TSI  False

; Yes Mo Negative
Yes > TP | N« '

No FP| TN
False Positive--™

L)
*

True

¥.. Negative

f
,"' Recall
- (or True
o~ -—> Positive
o~ Rate
‘.r' ar
o Sensitivity)
T‘: : D--I
- | |
n False Positive Rate 1 0 Precision ’
o True Positives
Precision = — —
True Positives + False Positives
-
Bl Predicted Bar.
‘*'*. Yes
@ Yes 3
g Mo 1

Threshold = 0.5
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Hey Norm, now that we
understand how to summarize
how well a model performs using
Confusion Matrices and ROC
graphs, what should we learn
about next?

Now we should learn about something
called Regularization, which pretty
much makes every machine learning
method work better.
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Chapter 09

Preventing Overfitting
with Regularization!!!




Regularization: Main Ideas

In other words, this ...but the predictions
squiggle might fit the made with New Data

Training Data really well... : are terrible. w

Using technical jargon, we
would say that the squiggle
has low Bias because it fits
the Training Data well, but

high Variance because it

does a bad job with New
Data.

The Problem: The fancier
and more flexible a machine
learning method is, the
easier itis to overfit the
Training Data.

Shoe Size Shoe Size

A Solution: One very common way to deal with overfitting
the Training Data is to use a collection of technigues called
Regularization. Essentially, Regularization reduces how
sensitive the model is to the Training Data.

Using technical jargon, we would
say that Regularization increases
Bias a |ittle bit, but in return, we
get a big decrease in Variance.

A ...but now it makes
In this case, if we regularized the squiggle, then it would better predictions with BAM!!!
not fit the TrHItI;III'IQ Data as well as it did before... .:NE‘W Data. NOTE: In this chapter, we'll lsarn

" - S about the two main types of

r Regularization, Ridge and Lasso,

in the context of Linear Regression,
but they can be used with almost
any machine learning algorithm to

improve performance.

Height

Cooll Now let's
learn about Ridge
Regularization.

Shoe Size Shoe Size



Ridge/Squared/L2 Regularization: Details Part 1

Let's imagine we measured the Height
and Weight of 5 different people...

="

Weight

Then we fit a line to the Training
Data that minimized the Sum of
the Squared Residuals (SSR).

Because we only have 2 points in
the Training Data, the line fits it
< perfectly, and the SSR=0...

Weight

...and then we split
those data into ...and Testing Data.
Training Data... .

¥ & el |
U

-* oy
O g O

.

Height b

| o o

L]
"
[]
&
[
[
dr
¥
L
L]
I

Weight

Weight

In contrast, after applying Ridge
Regularization, also called
Squared or L2 Regularization,
we get this new line...

...however, because the
slope of the lineis so
steep, it does a bad job
with the Testing Data. -,

Height

1 . X |
Weight
...and as you can see, the new line
doesn't fit the Training Data perfectly,
but it does better with the Testing Data.
Read on to learn how it does this.

Weight
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Ridge/Squared/L2 Regularization: Details Part 2

When we normally fit a line to Training Data,

we want to find the y-axis Intercept... optimize parameters, we simultaneously minimize the

SSR and a penalty that's proportional to the square of
the slope...

e In contrast, when we use Ridge Regularization to

| £ ...and the slope that
#  minimize the SSR. e
i b-": ": O 1 SSH +Ax slope?
Height Height = intercept + slope x Weight | 7 |
J Height f
O ...where the Greek character A,
lambda, is a positive number that
. Weight . . determines how strong an sffect Ridge
We Regularization has on the new line.
eight
To get a better idea of how the Ridge
Penalty works, |et's plug in some
numbers. We'll start with the line that
fits the Training Data perfectly... Now, if we're using Ridge ...and, we end up with 169 as
el Regularization, we want to the score for the line that fits
;*' minimize this equation. the Training Data perfectly.
. !“ .:
[N .
SSR+Axslope? =0+ 1x1.32:=1.69:
‘4 k\ 'fi-*-_..." --------- -
0 _ _ _ 0 ;I l.** #.-u.*'... . d H th
Height = 0.4+ 1.3 x Weight Because the line fits the Trrraneneerren, e slma;e izl:ﬂ: w:
-I:T'nt:gsnsanta p;r‘fectly, *"n‘ just plug thatin...
eaa.. __._...--*"' © T ...and we'll talk more about
--------- \_x A (lambda) later, but for

now, let's justsetA=1...
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Ridge/Squared/L2 Regularization: Details Part 3

Now |let’s calculate the Ridge Score for ...80 we plug in the SSR, 0.4, the value for A
the new line that doesn't fit the Training (lambda), which for now is 1, and the slope,
Data as well. It has an SSR =0.4... 0.6, into the Ridge Penalty. =
- Fﬁ' ﬂ.*""u- And when we
% t.f-" 4 do the math,
X SSR+Axslope? = 0.4+ 1x0.82i=076:  We9sLO-7e.

Height = 1.2 + 0.6 x Weight

Now, even though the new line doesn't fit the
Training Data perfectly, it does a better job with
the Testing Data. In other words, by increasing the

Weight Bias a little, we decreased the Variance a lot.
m
Thus, the Ridge Score for BAM!!
the line that fit the Trﬂim"i/*and the Ridge Score ~ However, you may
Data perfectly is 1.69... for the new line that had be wondering how
- asmaller slope and didn’t we found the new
Y + fit the Training Data as line, and that
1.69 o well is0.76... Height means it's time to
talk a little bit more
= 0.76 about A (lambda).
1 Weight
Height ..I.and belcause welwlrar"!t to s
pick the line that minimizes v
- the Ridge Score, we pick SSR + A xslope?
the new line.

Weight
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Ridge/Squared/L2 Regularization: Details Part 4

@Whenﬁ = D\
> ...then the whole

2
Sl Rl Ridge Penalty is
+ also D)

=SSR + 0 x slope?

-SSR+0 <7
...and that means we’ll

only minimize the SSR,

so it's as if we're not
using Ridge

Regularization...

=SSR

When we increase A
to 2, the slope gets
even smaller...

...and, as a result, the

new line, derived from

Ridge Regularization, is
no different from a line
that minimizes the SSR.

However, as we just saw, when A =1,

we get a new line that has a smaller

slope than when we only minimized
the SSR.

A 5
W
A=1

Height

| : T
Weight

|
...and as we continue to increase A, the slope

1 ) T
Weight

...and when we increase
A to 3, the slope gets
even smaller...
[ ]

O

[
[ ]
™
[
[

'::‘ @) _
'/::’

. gets closer and closer to 0 and the y-axis

@ * intercept becomes the average Height in the

Training Dataset (1.8). In other words, Weight
no longer plays a significant role in making
predictions. Instead, we just use the mean

Height.
O

L]
L
L3
n

So, how do we
pick a good
value for A7

Ei

Height

| ) T
Weight
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Ridge/Squared/L2 Regularization: Details Part 5

Unfortunately, there’s no good way to know in advance what the best
value for A will be, so we just pick a bunch of potential values, including BAM ! !!
0, and see how well each one performs using Cross Validation.

A=0 ¢—V8—> A=1 €—V8.—> 1 =2

]
I".'.

N ]
Height Height Height | -
1 : | 1 1 : T 1 1 : T
Weight Weight Weight
So fﬁ!’s our exgmple has been However, if we had a more complicated model that used
super simple. Since we only used Weight, Shoe Size, and Age to predict Height...
Weight to predict Haght...‘—'—w
...the Ridge Penalty | Height = intercept + slopew x Weight + slopes
", ~contained only & x Shoe Size + slopea x Age
‘u' single parameter, the
", slope. ...then the Ridge Penalty would include the sum of the
4 . squares of the 3 slopes associated with those variables.
Height = intercept + slope x Weight E7
SSR + A x (slopew? + slopes? + slopea?)
k".

The Ridge Penalty never includes the
intercept because the intercept doesn’t
directly affect how any of the variables (Weight,
Shoe Size, or Age) predict Height.

SSR + A x slopef
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Ridge/Squared/L2 Regularization: Details Part 6

’ slopew, slopes, and slopea, but not equally.

multiple parameters, like this one..’

L -
‘,‘ --I‘ i :
* - ¥
L 3
l‘..llll ----- a® & : "]
* & ™ ®

L 4 A v A |
Height = intercept + slopew x Weight + slopes x Shoe Size + slopea x Airspeed of a Swallow

For example, if Weight and Shoe Size are both ...compared to the slope

useful for predicting Height, but Airspeed of a associated with the Airspeed of

Swallow is not, then their slopes, slopey and a Swallow, slopea, which will
slopes, will shrink a little bit... shrink a lot.

.

So, what causes this difference? When a variable, like Airspesd
of a Swallow, is useless for making predictions, shrinking its

parameter, slopea, a lot will shrink the Ridge Penalty a Iot.N

*

-:‘ Lwithout

L ]
'u-
Ty

a
-
'r‘l
1‘.-

-
llllllllllllllllll

In contrast, if we shrink the slopes associated with Weight and Shoe
Size, which are both useful for making predictions, then the Ridge
Penalty would shrink, but the SSR would increases a lot.
BAM!!!

Now that we
understand how the
Ridge Penalty works,
let's answer 2 of the
most frequently asked
gquestions about it.
Then we'll learn about
another type of
Regularization called
Lasso. Get pumpedill
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Ridge/Squared/L2 Regularization: FAQ

All of the examples showed how increasing A, and

thus decreasing the slope, made things better, but

what if we need to increase the slope? Can Ridge
Regularization ever make things worse?

As long as you try setting A to 0, when you're searching
for the best value for A, in theory, Ridge Regularization
can never perform worse than simply finding the line
that minimizes the SSR.

One of my favorite bits of trivia
about Troll 2 is that a bunch of
peocple who thought they were
auditioning to be extras were all
cast in lead roles.

Agreed! However, I'm
excited that we're going
to learn about Lasso
Regularization nextl!!

How do we find the optimal parameters using
Ridge Regularization?

When we only have one slope to optimize, one way to
find the line that minimizes the SSR + the Ridge
Penalty is to use Gradient Descent. In this case, we
want to find the optimal y-axis intercept and slope, so

PR
[ SSR + A x slope?

d intercept
= -2 x [ Height - (intercept + slope x Weight) )

...and the derivative with respect to the slope.

"‘. ....... ahaib L il LT T T TS ........,.-i*“'
[SSR+ A xslope? )

‘-

v |
d slope

= -2 x Weight( Height - (intercept + slope x Weight) )

+ Z2x A xslope

When we plug those derivatives into Gradient Descent and set
the Learning Rate toc 0.01, we get the equations for the new lines.

.

Unfortunately, for more complicated models, or for Lasso

Regularization, or for combinations of the two, we have to use a

different approach that's outside of the scope of this book.

However, interested readers can learn more by following this link:

| hitp s://web.stanford.edu/~hastie/ TALKS/nips2005. pdf
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Lasso/Absolute Value/L1 Regularization: Details Part 1

Lasso Regularization, alsc called Absolute Value
or L1 Regularization, replaces the square that we
use in the Ridge Penalty with the absclute value.

In contrast, in the Lasso

Penalty, we take the
parameter’s absolute value.

In the Ridge Penalty, we
square the parameter.

L
L] '-I-._

: £
SSR + A x slope? vs. SSR + A x |slope|

For the black line, which
,+ fits the Training Data
" perfectly, the SSRis 0..

[l
w
[]
L]

...for now we’ll
letA=1...

‘i"’ E
Height = 0.4 + 1.3 x Weight
".; P ...and the absolute value
Y 5o _.=== Of the slope is 1.3...
4...i s *‘*t

[ 4 — _
SSR+Ax|slopel =0+1x1.3:=1.3:

...which give us 1.3 as the
Lasso score for the black line.

For example, let's compare the Lasso
scores for the black line, which fits the
Training Data perfectly...

Height =04 + 1.3 x Weight

L
[
L ]

...and for the green
line, which doesn’t fit
the Training Data as

> well.

A Hsight =12 + 0.6 x Weight

&
s

1 : |
Weight

In contrast, the green line

»" hasan SSR=04...
Y

Height = 1.2 + 0.6 x Weight

..s0we plugin 04 for
the SSR, 1 for A, and 0.6

for the slope and get 1.0
for the LAsSsS0 score.

And because 1 < 1.3,

: we would pick the
) . green line.
. Bam.
LD I .
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Lasso/Absolute Value/L1 Regularization: Details Part 2

The big difference between Ridge and Lasso Regularization is that Ridge
Regularization can only shrink the parameters to be asymptotically close to
0. In contrast, Lasso Regularization can shrink parameters all the way to 0.

For example, if we applied Ridge and Lasso Regularization,
separately, to this fancy model that predicted Height using
Weight, Shoe Size, and the Airspeed of a Swallow... +,

L

Height = intercept + slopew x Weight + slopes x Shoe Size + slopea x Airspeed of a Swallow

...then regardless of how useless the
variable Airspeed of a Swallow is for
making predictions, Ridge Regularization

will never get slopea=0.

In contrast, if Airspeed of a Swallow was totally useless,
then Lasso Regularization can make slopea =0, resulting
in a simpler model that no longer includes Airspeed of a

Swallow.
‘:ri" ','-
Height = intercept + slopew x Weight + slopes x Shoe Size + SIM\H :_
\ |

Height = intercept + slopew x Weight + slopes x Shoe Size

Thus, Lasso Regularization can exclude useless variables from

the model and, in general, tends to perform well when we nesd
to remove a lot of useless variables from a model.

In contrast, Ridge Regularization tends to perform better
when most of the variables are useful. BAM !!!
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. NOTE: Ridge and Lasso
Regularization are frequently combined
" to get the best of both worlds. '

DOUBLE BAM!!!



Ridge vs. Lasso Regularization: Details Part 1

As always, we'll start with a super
simple dataset where we want 1o

The critical thing to know about Ridge vs. Lasso , : .
Regularization is that Ridge works better when most el WE'EEht to predict Height.
of the variables are useful and Lasso works better -
when a lot of the variables are useless, and Ridge and *." ".* o
Lasso can be combined to get the best of both worlds. s 4
That said, people frequently ask why only Lasso can _ 5
set parameter values (e.g, the slope) to 0 and Ridge P b O
cannot. What follows is an illustration of this difference, O O

so if you're interested, read oni!l

...and now let's plot the Ridge Score and ths

Now let's fit a blue ...and let's calculate the Ridge Score, . _
horizontal line to the data, SSR + A x slope2, with A = 0. In other .[.':DI’I’EEDCIHdIHQ slope of the blue horizontal
+ which is a terrible fit, but words, since A = 0, the Ridge Score /  In@ 0. ona graph that has SR + A x slope
W ’ ’ i on the y-axis and slope on the x-axis.

we'll improve itina bit. =

u
L]
L]
w
]
-
-

. 20 .
o
| . 154 s
Height ‘ 0 b
1—-Q|-w&--'-== 10+ O
- "“?
. 5_
Weight Weight
0 04 08

Slope Values
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Ridge vs. Lasso Regularization: Details Part 2

Now |et’'s increase the slope to 0.2
and plot the SSR + A x slope2,
againwith A =0...

®

[ ]
.
a%
L]
a *
L]
L]

[
O [ ———
s B 0000000 LasnmRnEmEag,
. T L T
Ty

Ultimately, we can plot the
SSR + A x slope?, with A =0, as a function
of the slope, and we get this Blue curv

Height . .t
20 -
SSR E : 1
. . . + 191
Weight A x slope*® |
01 Q@ i
...and then increase the slope to 5 . ¢ O
0.4 and plot the SSR + A x O ¥...
_ slope?, with A=0... JUUETTLLLY "3 Q 0 “'5

L 1 ] ¥
_J
L]
L
o D
.i

0.4

0.8

w!
-

-

Weight

ECREReR e ...and plot the SSR + A x

slope?, with A =0 for when
the slope is 0.8.

...and plot the
SSR + A x slope2,
with A = 0 for when
the slope is 0.6... L

1 . 1
Weight
177



Ridge vs. Lasso Regularization: Details Part 3

Now that we have this blue curve, we can see _ _
that the value for the slope that minimizes the ...which corresponds to Ridge Regression makes me
Ridge Score is just over 0.4... this blue line. think of being atthe top of a cold
' . mountain. Brrr!! And Lasso
a0 - d : Regression makes me think
R . about cowboys. Giddy up!
SSR 1
+ 151 <
A x slopez g Height
10 A s
Y Weig ht
o0 04 08
Slope Values
We get this crange curve, where we see

that the slope that minimizes the %
...which corresponds

Scoreis justunder 0.4...
' this orange line.

Mow, just like before, let's
calculate the SSR + A x slope?
for a bunch of different slopes, 20 4 N .
:" only this time, let X = 10. s
: SSR :
+ 151
A x slope:
104
5 4
1 T T T T T T T
0 0.4 0.8
178

Slope Values




Ridge vs. Lasso Regularization:

Details Part 4

When we compare the blue
line, which has the optimal

s slopewhen A =0... )

A=0 ...to the orange line, which has o
Y ~the optimal slope when A =10, we
_ 2 - see that A = 10, which increases SSR ...than on the
Height “the Ridge Penalty, resuits in a . 151 blue curve,
tn...-ﬂ’: smaller slope. A x slope: when A = 0.
A=10 E
10
T Weigh T | e’
elght 5

Now we calculate the SSR + A x slope? for a
bunch of different slopes with A = 20...

iy

[
< 20 -
¥ and we get this
0oo EEH
_ green curve, and + 15-
Height again, we see that A x slopez
the lowest point
corresponds to a 107
slope that's closer to e
0. ""veannn,. p.ui".‘. 5

Weight

Likewise, we can see that when A =10,
the lowest point on the orange curve
corresponds to a slope value closer to 0...

L]
-
']

0 D4
Slope Values

0 04
Slope Values
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Ridge vs. Lasso Regularization: Details Part 5

@ Lastly, we calculatse the SSR + A x slope2 for =
a bunch of different sln:-pmis with A =40... -
- A ¥ + 197
:" ...and we get this purple AR T
F:. curve, and again, we ses 104 .
that the lowest point o
Height corresponds to a slope o

that's closer to, but not ____“__..1-‘ -

T . Y
Weight

To summarize what we've sesn =o far:

1) When we calculate SSR + A x slope2,
we get a nice curve for different values
for the slope.

2) When we increase A, the lowest point
in the curve corresponds to a slope
value closer to 0, but not quite 0.

BAM!!!

Now let's do the same thing using the
Lasso Penalty, and calculate
SSR + A x [slope]!!

quite, 0.

0 0.4 0.8
Slope Values

When we calculate the Lasso score for a
bunch of different values for the slope and Ist
A =0, we get this blue curve, just like befors,

because when A =0, the

penalty goes away and we're 20 -
left with the SSR. And, just
like before, we see the SSR
lowest point in the blue + 191

curve correspondstoa AX [slope|
slope value that's just over 10 -
0.4.

-
L) -
", a®

L]
aw
L] a®
..lll..lli'*.lI 5_

0 0.4 0.8
Slope Values
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Ridge vs. Lasso Regularization: Details Part 6

Now when we calculate the SSR + A x |slope| and |at When we calculate the SSR + A x |slope| and let
A =10 for a bunch of different values for the slope, @ A =20 for a bunch of different values for the
we get this orange shape, and the lowest point slope, we get this green shape with a kink where
corresponds to a slope just lower than 0.4. the slope is 0 that's now more prominent.
20 -
20 -
E?_H 15 - Howsver, unlike before, this SSR
A x [slope] orange shape has a Islight + 157
kink when the slope 1s 0. A X [slope|
10 - &
-:' 10 -
- LA
5 .
0 04 08
Slope Values 0 0.4 0.8
Slope Values
When we calculate the SSR + A x |slope| and let A =40 for a
bunch of different values for the slope, we get this purple shape
with a kink where the -
o) - slope is 0, and now
that kink is also the 0
SSR lowest point in the o
+ 157 & shape... _
Ax [slope] ‘_‘. Height 0
10/- 1_0, vl —
et ...and that means :
: AN when A = 40, the A
5 4 slope of the *, o _
optimal line is 0. “*"seaaes*’ Weight

"o 04 08 BAM!!!
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Ridge vs. Lasso Regularization: Details Part 7

Squared the optimal value for the slope shifts
toward 0, but we retain a nice parabola shape,
and the optimal slope is never 0 itself.

@ In summary, when we increase the Ridge,

In contrast, when we increase the Lasso, Absolute
Value, or L1 Penalty, the optimal value for the slope
shifts toward 0, and since we have a kink at0, 0
ends up being the optimal slope.

20 1 20 1
SSH SSH
+ 15 + 15
A x slope? A x |slope]
10 10 +
D - 9 -
o 04 08 0 04 08
Slope Values Slope Values
NOTE: Even if we I R I PI E
increase A all the 2] - ’
.way to 400, thle A = 400
Ridge Penalty gives SSR ' ' '
us a smooth red + 191
curve and the A x slope? EEN
lowest point 10 -
corresponds to a
slope value slightly =] Now let’s leam
greater thanO. «, 51 o . about Decision
.*‘i--;--l". ) . TrEES!
0 04 08
Slope Values 189



Chapter 10
Decision Trees!!!



Loves Soda
MNo

Classification and Regression Trees: Main Ideas

Classification Trees classify
Ei

people or things into two or more
discrete categories. This example
Classification Tree classifies

A
Does Not

Love Troll 2

There are two types of Trees in people into two groups:
machine learning: trees for

Classification and trees for
Regression.
...those who do not =+«..), Does Not
love Troll 2... Love Troll 2
b ...and those who love Troll 2.

In contrast, Regression Trees try to
predict a continuous value. This example
Regression Tree tries to predict how
. Effective a drug will be...

In this chapter, we'll cover

the Main Ideas behind
Classification Trees and

Regression Trees and

omeone’s Age...
describe the most commonly

. 4:-., ..basedons
r—/ used methods to build them.
SE... But first, it's time for the
dreaded...

Ty

-~

anEE g,
L] L]
L] .*.

50% Effective

100% Effective
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Terminology Alert!!! Decision Tree Lingo

The good news is that Decision
Trees are pretty simple, and there's
not too much terminology.

One thing that's weird about Decision™
Trees is that they're upside down! The
roots are on top, and the |eaves are
on the bottom!

The very top of the tree is called the
Root Node or just the Root.

*

This is called an Internal «...,
Node or just a Node. .

Does Not
11-.-!*“"‘"”""""L Love Troll 2

-
-
a®
%

The arrows are called
Branches. In this example,
the Branches are labeled :
with Yes or No, but usually *o, a¥
it's assumed that if a Tz == C:E1|'|Ed Leaf
statement in a Node is ?'rye, Nodes or just Leaves.
you go to the Left, and If it's
False, you go to the Right.

| L]

L] L]
u L]
w ¥
-

Now that we know the lingo, let's
learn about Classification Trees!!!
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Part One:

Classification Trees



Classification Trees: Main ldeas

Unfortunately, we can’'t use Logistic Regression
with these data because when we plot Age vs.
loves Troll 2, we see that fitting an s-shaped
squiggle to the data would be a terrible idea: both
young and old people do not love Troll 2, with the
people who love Troll 2 in the middle. In this
example, an s-shaped squiggle will incorrectly

classify all of the older people. %

The Problem: We have a mixture of

discreﬁte and continuous data..:
o 14 \

...that we want to use
to predict if someone
¥.. loves Troll 2, the 1990

Loves Loves Loves
Age

Popcom Soda Troll 2

Yes Yes 7 No :‘;_-.- blockbuster movie 1=Loves Troll 2 «

Yes No 12 No & that was neither 5 .
Mo Yes 18 Yes g abﬂu; etrqﬂlhljl:l .rmr p thF;Eﬂﬁt;Erggléie .::
NG Ves a5 Yes loves Troll £

Yes Yes 38 Yes _ Does Not

Yeas No 50 No ~ Love Troll 2

No No 83 No Age

A Solution: A Classification Classification Trees are relatively easy
- to interpret and use. f you meet a new
Tree, which can handle all o
typas of data, all types of person and want to decide If they love BAM!!!

: - Troll 2 or not, you simply start at the top
lat h th .
relationiships among the and ask if they love Soda...

independent variables (the
data we're using to make r\_/ Loves Soda |
No < ...and If they

predictions, like Loves Soda .
...if they do, then ask wsss= wdon't love Soda

and Age), and all kinds of : A s
relationships with the ifthey're less than "y to begin with,

dependent variable (the thing 12.5 years old... Does Not they probably do

we want to predict, which in r\_/ Yes Love Troll 2 e [ e ]
this case is Loves Troll 2). H..-*"T ‘e,
...ifthey are, then =, : ‘e
they probably do = Loves Troll 2 R4 ...if not, then they
not love Troll E\—// probably love
Troll Z...
187




Building a Classification Tree: Step-by-Step

Given this Training Dataset, we want to
build a Classification Tree that uses
Loves Popcorn, Loves Soda, and Age...l

Loves = Loves = Loves ...to predict
Popcom Soda Troll 2 whether or
Ves Yes 7 No not someone
will love Troll
Yes No 12 No Lo 2
No Yes 18 Yes ."‘
Mo Yes 88 Yes ."*
2
Yesg Yesg a8 Yesg
Yes Mo a0 Mo
Mo Mo 8o Mo
Y. R
".‘t"* ‘*‘l‘

L
L ]
#.'I'

To make that decision, we'll start by looking
at how well Loves Popcorn predicts whether
or not somecone loves Troll Z...

Loves Popcorn i CH

Loves Troll 2 Loves Troll 2

Yes No Yes No

. ...by making a super
e eesit simple tree that only
« asks if someone loves
Popcorn and running
the data down it.

The first thing we do is decide whsther Loves

Popcorn, Loves Soda, or Age should be the
guestion we ask at the very top of ths tree.

L]
-
L]
-

279

For example, the first person in the
Training Data |oves Popcorn, so
they go to the Leaf on the |eft...

] ...and because

Loves *:'E Loves they do n:::t love
Popcom .‘1' Troll 2 Troll 2, we'll FILJi a
A 1 under the word
Yes Mo No.
1""----!"{

Loves Popcorn .

Loves Troll 2 ¢

Yes
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Building a Classification Tree: Step-by-Step

The second person also loves
Popcorn, so they also go to the Leaf
on the keft, and because they do not

love Troll 2, we increase No to 2.

Loves
Troll 2
Mo

Loves Popcorn

Loves Troll 2

Loves Troll 2

No Yes ., et
Yes Yes e
ok
Yes Mo s
No No ;- Loves
g Soda
Then we do the same *_-: YVas
thing for Loves Soda. ssss=*"
Mo
Likewise, we run the remaining rows down Yes
the tree, keeping track of whether or not
=" each person loves Troll 2 or not. .
i-" k—ﬂ'...."‘ "«t"

& L BAMIMN
Mo

Loves Soda

Loves Troll 2
Yes [\ [s]

B | oves Troll 2
No

Loves Troll 2

Loves Troll 2
Yes No Yes No

3 1 0 3

Yes
1 3 2 1

{‘l!ilti"

The third person does not love
Popcorn, so they go to the Leaf
on the right, but they love Troll 2,

so we put a 1 under the word Yes.

Loves
Troll 2

Mo
Mo
Yes

.*iinii-l‘

-.‘
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Building a Classification Tree: Step-by-Step

Now, looking at the two little
trees, one for Loves Popecorn
and one for Loves Soda...

Loves Popcorn

Loves Troll 2 Loves Troll 2

...we see that these three

Leaves contain mixtures %",
of people who love and

do notlove Troll 2.

T~

In contrast, this Leaf only
contains people who do
not love Troll 2.

-
smgggunus®®

Loves Troll 2

The good news is that there are
several ways to quantify the
Impurity of Leaves and Trees.

-

One of the most popular methods is
called Gini Impurity, but there are
also fancy-sounding methods like

Entropy and Information Gain.

In theory, all of the methods give
similar results, so we'll focus on Gini
Impurity since it's very popularand |

think it's the most straightforward.

ar———

We’ll start by calculating the Gini
Impurity to quantify the Impurity in
the Leaves for loves Popcorn.

O

! TERMINOLOGY ALERT!!
Leaves that contain mixtures of
classifications are called Impure.

Because both Leaves in the Loves

Popcorn tree are Impure...

o~ —

...and only one Leaf in the
Loves Soda tree is Impure...

- —

...it seems like Loves Soda does a better
job classifying who loves and does not
love Troll 2, but it would be nice if we
could guantify the differences between
Loves Popcorn and Loves Soda.

Loves Popcorn

Loves Troll 2

Loves Troll 2

4

ML L]
"I.'----i-"-.' -"'

SEy pu®
Setrrasspsnansnnnnse®®

190



Building a Classification Tree: Step-by-Step

To calculate the Gini Impurity

@ for Loves Popcorn, first we Loves Popcorn
calculate the Gini Impurity for
each individual Leaf. So, let's

start by plugging the numbers Loves Troll 2

from the left Leaf into the Yes No

equation for Gini Impurity. v 3
:“.'Ih-l:r

Gini <" |
__ @ Impurity = 1 - (the probability of “yes”)? - (the probability of “no”)?
- for a Leaf

For the Leaf on the feft, 1 (The number for Yes )E ( The number for No )E
@ when we plug the .y \The total for the Leaf The total for the Leaf
I"ILJ[T‘IbEFE, Yes = 1, No = 3, --.-.-:-:-ll"'.‘
and Total = 1 + 8, into the
equation for Gini A y 2 g\ 2 eereressans .
Im purity, we get 0.375. —q- ( ) _ ( ) :=0.375:
""l.,_h 1+ 3 1+ 3 TRe——— -
.l'----“"‘ EEmEEmmmmE EEmEE """‘.."r
For the Leaf on the _
@ rfght, we get 0.444. Loves Popcorn Gini
Impurity = 1 - (the probability of “yes")* - (the probability of *no”)?
: for a Leaf
Loves Troll 2 5 5 ] pemeennnens )
Yes No =1-( ) ( ) - 0.444
a4 2+ 1 2+ 1 Ssassananas -

2 1
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Building a Classification Tree: Step-by-Step

‘-‘||lilt|

Gini Impurity = 0.375 Gini Impurity = 0.444

Total Gini

NMow, because the Leaf on
the left has 4 people init...

=W

f..and the Leaf on the right only has 3,

the Leaves do not represent the same

number of people.
Loves Popcorn

Loves Troll 2
MNo
3

Loves Troll 2 S0, to compensate for the differences in

Yes o the number of people in each Leaf, the

— total Gini Impurity for Loves Popcorn is

2 the Weighted Average of the two Leaf
Impurities.

Impurity

is the total number of "

The weight for the left Leaf

eighted average of Gini Impurities for the Leaves

.i‘-----"-r

I.'.

¥
people in the Leaf, 4... Total Gini 4 gessssensenay < and when we do the
Impurity ~ ( 4+ 3 ) LEEE +( 4+ 3) et ,:D4DE ST math, we get 0.405.
s A A P, BAM!!
...divided by the total :
number of peoplein ., _____,..u"‘ o :
both Leaves, 7... ’ :

D 4

...multiplied by the
associated Gini

Impurity, 0.444...

...then we multiply
that weight by its
associated Gini

Impurity, 0.375.

Now we add to that the
weight for the right Leaf,
the total number of
people in the Leaf, 3,
divided by to the total in

both Leaves, 7...
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Building a Classification Tree: Step-by-Step

MNow that we've calculated the .
@ Gini Impurity for Loveg === _-.....-------------""} Loves Popcorn

Popcorn, 0.4035... " The lower Gini Impurity for

Loves Soda, 0.214, confirms

- . \ Loves Troll 2 Loves Troll 2 what we suspected earlier,
Gini Impurity for _ o 4oz BRES No Yes No Eevau that Loves Soda does a better

Loves Popcorn 1 < 2 1 “treee., job classifying people who

+* love and do not love Troll 2.
...we can follow the same steps ﬂﬂ" HDT;VZFEEDg.;hEt We Ve
to calculate the Gini IMpurity wessssssssenaes e b 4 Loves Soda o~ Sttt s I ey L
for Loves Soda, 0.214 e, - U UEGEED L ) G T
T ., E-‘ intuition.
4 Loves Troll 2 Loves Troll 2 Bam!
Gini Impurity for _ o ., S No Yes No
Loves Soda i . = =
1 0 3
Now we need to calculate ‘/-i
A2 b (D 200 771756 }.}QE' However, because Age The next thing we do is calculate the
;', contains numeric data, and average Age for all adjacent rows.
not just Yes/No values, .
Loves calculating the Gini Impuri o
A% Tron 2 is a Iii'tlg more inmlvgd v W Age ~OuEs
. . % Troll 2
? . (\-/ L 7 N
2 ’F- 8]
12 Mo R El 15 N
18 Yes Normally, the first thing we [ <4 El N
do is sort the rows by Age, s G 18 Yes
= = from lowest to highest, but s e Yes
38 Yes in this case, the data were « |86.5
- \ already sorted, so we can 22 38 Yes
- skip this step. 50 Na
83 Mo 6E6.5
83 Mo
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Building a Classification Tree: Step-by-Step

For example, the first average Age is
9.5, so we use 9.5 as the threshold fi/—A
splitting the rows into 2 leaves...

Lastly, we calculate the Gini
Impurity values for each
o average Age.

&

:: Age Loves b 4
:a Troll 2 Total Gini _
7 No T L Impurity
EI '1.é "r."r:j:]. Loves Troll 2 Loves Troll 2 Fressssssnnn
El 18 Ves Yes No Yes No : = (0.429 :
28.5 Fremmanne !
da Yes 0 ! S S ¥
36.5 Yo
38 Yes
44
a0 Mo
BE.5
83 Mo
Ultimately, we end up with a Gini Impurity
for each potential threshold for Age... —/w
: ...and then we identify the
Loves : thresholds with the lowest
Impurities, and because the
v candidate thresholds 15 and 44 e
S N f’_______} Gini Imburity — 0.4 are tied for the lowest Impurity, -
12 No - P = LT o 0.343, we can pick sither one
El w1 'ﬁ’es.} Gini Impurity = 0.343 4" '_-' for the Root. In this case, we’ll
EEEEE lllllllllllll} '::-|i|'|i ||'|||: |_||'it'...' = .—|'1_1 ‘."‘ F:lick. 15. ‘**.
35 "T"ES - . . - ‘4- ""’-m.n-n"II
Sé ------- :T: ----- ---} ':-.'|||'I| Il'l Il: LIFI t = __I_J_- 4 F" BAM"I anes Tr'ﬂ" 2
25
] I P —— s Gini Impurity = 0.343 Yes MNo
a0 MNo L : o
EEEEE lllllllllllll} Lalrl I|'|||:I_I|'|t'._.': ..—I'_.'.' D 2
83 Mo

...and when we do the
math, we get 0.429, ===,

1 o
( )a.a+( )a.s
1+ 6 1+ 6

Loves Troll 2
Yes No
3 2
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Building a Classification Tree: Step-by-Step

Now remember: our first goal was to C
determine whether we should ask about .80 we calculated the Gini
Impurities for each feature... Loves Popcorn

Loves Popcorn, Loves Soda, or Age at

H the very top of the tree... ;
o5 \ | Loves Troll2 |l Loves Troll 2
ey a8 Gini Impurity for_ o aos RS No Yes No
Loves Popcorn 1 3 P 1
Loves Soda
Loves Troll 2 Loves Troll 2
077 A Gini Impurity Yes No ll Yes
* =0.214
for Loves Soda
...and because Loves Soda has '.:
the lowest Gini Impurity, we'll i
put it at the top of the tree. meeas=**
Loves Troll 2 Loves Troll 2

Loves Soda Bl . .
 Loves Soda Gini impurity _, .. IRt RSt
for Age < 15 — _ -




Building a Classification Tree: Step-by-Step

With Loves Soda at the top of the tree, the 4
people who love Soda, including 3 who love Troll
and 1 who does not, go to the Node on the left.

...and the 3 people who do not love
Soda, all of whom do not love Troll 2,
go to the Node on the right.

7 ®

Loves Loves Loves Soda Loves Loves
Popcom Soda O Soda Troll 2
"-_ Yiag, Yes No
5 anes Trnll 2 -: *“ E.....N.[.J IIIIIIIIIIIIIIIIIII FJ[IJIII
P - .- : FEEEEEEEEEEENEENEEEEEESEEEEEEEEEEE
- : oSz : Yes Yes
:: ¢ § ; Yes Yes
"5_ g_ Yes Yes 38 Yes 1 0 % Lentea, . Yes Yes
WAL LLLLLLLELLLL DL LD DL L L Snsssssmmens . - L TT L "‘p. "* ] ] ] ]
i " ’ Y . & No No
e - T Now, because the Node on the left is -
"rag, ) ] ‘_..-"‘ @ Impure, we can split the 4 people in itf B asssssssssssssssssssskassssssns
"*.‘ H ',*" based on Loves Popcorn or Age and
"2 v calculate the Gini Impurities.
: ; N
= t‘
P
: :‘: When we split the 4 .
: E oeople who love Soda However, when we split the 4 Loves  Loves
: ¥ based onwhether or not people based on Age <12.5,  FLLELIMEELLE
Vy they love Popcorn, the the Gini Impurity 'iu-
" y
Gini Impurity is 0.25. R C T

Loves Popcorn
Mo

Loves Troll 2
Yes

2

Loves Troll 2
No

1

&
-
L3
L]
L]

L]

L]

-

L]

-

w

[ ]

r

[ ]
L
]

Yes
1

Gini Impurity = 0.25 <"

Age <12.5
e n
= No Yes 18 Yes 1
Y ¥ =52 35 ¥ :
4 o 25 (=1 .
5 Je.5 .
Loves Troll 2 Loves Troll 2 £ Vs Ves | a5 Yes |
Yes Nn Yes Nn -lllllllllllllllllllllllllllllllllllllllllll.

0

1 3 0

Gini Impurity = 0.0
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Building a Classification Tree: Step-by-Step

Now remember, earlier we put Loves Soda in the Root because ...and the 3 people who do not love
splitting every person in the Training Data based on whether or Soda, all of whom do not love Troll 2,
not they love Soda gave us the lowest Gini Impurity. So, the 4

went to the Node on the right.
people who love Soda went to the left Node...

L oves Soda MNow, because everyone in thlia
Node adoes not love Troll 2, 1t

**+sa hecomes a Leaf, because

Loves Loves Age Loves there's no point in splitting the
Popcom Soda Troll 2 Loves Troll 2 people up into smaller groups.

= Yes Yes 7 No § e —_— we Lde

EEEEEEEEEEEEEE NS EEEEEE SRS SRR RS EEEEEEE R D 3

:llllllllllllllllllllllllllllllllllllllllll‘

= No Yes 18 Yes E

E Mo Yes 38 Yes g

'E'. Yes Yes 38 Yes 1

Lanntt ...and because Age < 125 resulted in the
'*.; ‘.-"‘ lowest Gini Impurity, 0, we add it to the tree.
WS Lt And the new Nodes are Leaves
k- ot H because neither is Impure. *
In contrast, because the 4 people who love Soda are a e . .
@ mixture of people who do and do not love Troll 2, we build o H L oves Soda s

simple trees with them based on Loves Popcorn and Age...

L ]
‘1‘ "

1_,---1........-"'“ FV R

st

v
Age <125

Loves Popcorn Age <12.5

-
-
L T TITIT I L

Loves Troll 2 Loves Troll 2 Loves Troll 2 Loves Troll 2
Yes No Yes No Yes No Yes No

1 1 2 0 0 1 3 0

Loves Troll 2 Loves Troll 2
Yes No Yes No

0 1 3 0

'f'ittt-l""‘

Gini Impurity = 0.25 Gini Impurity = 0.0 197



Building a Classification Tree: Step-by-Step

At this point, we've created a anw the only thing remaining is to / Generally speaking, the
Tree from the Training Data. assign output values for each Leaf. output of a Leaf is

ot RN whatever category that

"o has the most counts.
Loves Loves Loves -
Popcom Soda ge Troll 2 Loves Soda
Yes Yes 7 Mo In other words,
because the majority of

hi A 12 A . ,

= ; : -_——é Age <12.5 Loves Troll 2 the people in this Leaf
No Yes 18 Yes res do not love Troll 2, its
Na Vs a5 Vs output value is does not
T T o . Loves Troll 2 [ Loves Troll 2 < love Troll 2.

'.*'i. 'l"'""‘

. m = m Yes No Yes [ [o] - .':

No No 83 No 0 1 8 0 &

Hooray!!! After assigning cutput values ..*"
o o Losh v il coves soa. JT
: ' Yes No ¥
BAMY
Age <125 Does Not
Mot yet, there are still a few Love Troll 2

things we need to talk about. Yes

Does Not Loves Troll 2
Love Troll 2
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Building a Classification Tree: Step-by-Step

When we built this tree, only one person in—/—)_..and because so few people in the Training Data made
the Training Data made it to this Leaf... it to that Leaf, it's hard to have confidence that the tree

i will do a great job making predictions with future data.

Loves Soda f_/

However, in practics, there
are two main ways to deal
Age <12.5 with this type of problem.

Loves Loves
Age

Popcom Soda Troll 2

= Yes Yes 7 No 3§

:IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII‘IIIIIIIIIII.

Loves Troll 2
uﬂ One method is called Pruning,
0 1 @ but we'll save that topic for The
StatQuest lllustrated Guide to
Tree-Based Machine Learning!!!

grow, for example, by requiring 3 or more

people per Leaf. If we did that with our Loves Soda

Training Data, we would end up with this tree, Ves
and this Leaf would be Impure... :

@ Alternatively, we can put limits on how tress

..butwe would also have a better sense of f:‘ Loves Troll 2 Loves Troll 2 Does Not
the accuracy of our prediction because we Love Troll 2

know that only 75% of the peoplse in the
Leaf love Troll 2,

NOTE: When we build a tree, we don't know in ALSO NOTE: Even though this Leaf is BA M

advance if it's better to require 3 people per Leaf or Impure, it still needs an output value, and EEE
some other number, so we try a bunch, use Cross  because most of the people in this Leaf love  Now let’s summarize how to
Validation, and pick the number that works best. Troll 2, that will be the output value. build a Classification Tree.
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Building a Classification Tree: Summary

As aresult, the 4 people

From the entire Training Dataset, we
L . who love Soda went to the
used Gini Impurity to select Loves
left and the 3 people who
Soda for the Root of the tres.
. do not love Soda went to N
s, the right. N
Loves Loves Loves a, BAM! Loves Soda
A.QE S . H R
Popcom Soda Troll2 '~ *, o
Yes Yes 7 Mo ‘*'*-.. ) L o >
_ Loves Troll 2
Yes No 12 | No Age <12.5 "fe: ‘ .
Mo Yes 18 Yes _v"" 0 3
No ves 35 ves H Loves Troll 2 M Loves Troll 2
Yes Yes 38 Yes . Yes No Yes No
Yes No 50 No : 0 1 3 0
No No 83 No : N
Then we used the 4 people who love Soda, ' _
which were a mixture of people who do and do s :
not love Troll 2, to calculate Gini Impurities and _:* s
selected Age < 12.5 for the next Nndf;':.. _i.-" 5 L oves Soda
_." Then we selected *_.*'
Loves  Loves Age Loves s output values for each <,
Popcom Soda Troll 2 o Leaf by picking the k
e t - - Age <125 Does Not
P Yes Yas 7 No 1 categories with the Love Troll 2
O hlghest GDUI""I"I:E_
:lllllllllllllllllllllllllllllllllllllllllll. Dnuble
L 8 Yes d BAM! TRIPLE Does Not Loves Troll 2
: No Yes 35 Yes i " BAM" Love Troll 2
P ¥ 38 Yes o :
.lllll??lllllllll??llllllllllllllllllll??lll: MNow that we know all EbDutGIESSiflcatiﬂn Trees,
it's time for Part Deux, Regression Trees!!!
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Regression Trees



Regression Trees: Main ldeas Part 1

The Problem: We have this Training
Dataset that consists of Drug
Effectiveness for different Doses...

>

¥
O O

10 20 30 40
Drug Dose

100

Effectiveness

% 5

29

A Solution: We can use
a HEQI‘ESEi on Tree,
which, just like a
Classification Tree,
can handle all types of
data and all types of
relationships among
variables to make
decisions, but now the
output is a continuous
value, which, in this

cass, is Drug
Effectivensss.

© @D ..

Drug 79 .
Effectiveness ':‘

2.5% Effective

52 8% Effective 100% Effective

...and fitting a straight line to the data
would result in terrible predictions...

Ld
-

I,.._.

., ...because there ars
E "y " n
F e, clusters of ineffective
L] q..
% *sDoses that surround the
* 5
effective Doses.

a0

29

10 20 a0 40
Drug Dose

Just like Classification Trees, Regression Trees are relatively easy to interpret
and use. In this example, if you're given a new Dose and want to know how
Effective it will be, you start at the top and ask if the Dose is < 14.5...

{.”'_‘1 N

..ifitis, then the drug will be 4.2%

Effective. If the Dose is not < 14.5,
then ask if the Dose = 29... BAM ! !!

"{'.--"“' k_\—/
...if 8o, then the drug will be
2 5% Effective. If not, ask if the
Dose > 235...

Dose = 23.5 Terrrnees P
Mo

...if 80, then the drug will be
52 8% Effective. If not, the drug
will be 100% Effective...

‘ll----i!“.‘
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Regression Trees: Main Ideas Part 2 100

In this example, the Regression Tree makss good Drug U=
predictions because sach Leaf corresponds to a Eﬁe“t;f”‘ﬁﬁ
different cluster of points in the graph. 20

If we have a Dose <= 14.5, then the output 05
from the Regression Tree is the average
Effectiveness from these 6

measurements, which is 4.2%. 10 o0 30 a0 .
I Drug Dose :
Dose < 14.5 | :
If the Dose Is between 5
Drug 75 14.5 and 23.5, then the s
Effectiveness output is the average o

Effectivensss from these 4 o
measurements, 100%.

30

Drug Dose Ry
. 0 Y.
If the Dose 1s = 29, then the s e
output is the average  + 100 e,
100 Effectiveness from these 4 * e,
measurements, 2.5%. presenen, ™ If the Dose is
. Drug 799 - . &
Drug 73 *  Effectiveness : . between 235
Effectiveness : % cnd : . and 29, then the
% 50 ¥ : . output is the
‘-‘:‘ : lllllll 1 EVErEw
05 G 259 Effectiveness
'O """" : il from these &
: : T ' ' 1 measurements,
e ®)) JHR S 10 20 @ 40 52 8%.
10 20 230,....40; Drug Dose
Drug Dose
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Building a Regression Tree: Step-by-Step

Given these Training Data, we want to
build a Regression Tree that uses Drug
Dose to predict Drug Effectiveness.

100

Effectiveness

% 5

28

10 20 30 40
Drug Dose

To make that decision, we calculate
the average of the first 2 Doses,
which is 3 and corresponds to this

dﬂtted_ line...
1007 : :
Drug 797 & I
Effectiveness E _,t'
% 5o i
P
o5 =
' '---1
= 10 20 a0 40
A Drug Dose

mumEEnn gy
“.l‘ ‘."-
] ‘I"
“.lplll'-F

L. *
‘l-...... -'.'

Just like for Classification Trees, the
first thing we do for a Regression Tree
is decide what goes in the Root

299
S L

...and then we build a very simple tree that
splits the measurements into 2 groups

based on whether or not the Dose < 3.

Average =0

Because only one point
has a Dose < 3, and its
average Effectivensss is 0,
we put0in the Leaf on
the left.

:
‘.
-

Y.

~ 388, sowe put38.3in the

- #
N Yepaaunt”

L

average Effectiveness is

100+ :

754 &

504

1;. ._,.} -

. All other poirts have a 05
: Dose 28, and their N O

3

8

O

10
Leaf on the right.

30 40

Drug Dose
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Building a Regression Tree: Step-by-Step

For the one point with ...the Regression In contrast, for this specific ...the tree
Dose < 3, which has Tree makes a pretty point, which has Dose > 3 predicts that the
Effectiveness =0... good prediction, 0. and 100% Effectiveness... Effectiveness will
. . : be 38.8, which iss,
: | 4 a pretty bad ",
100 100 : O prediction. o
Drug 79 ;: 754 = "-_
Effectiveness | : __r" : Dose < 3 é
% 504 : s 50 * :
; & : e
: & ! | ¥
o5 & o 254 : _
A g Average = 388
E d* i
10 20 a0 40 H 10 20 a0 40
Drug Dose Crug Dose

We can also quantify how good or bad
the predictions are by calculating the
Sum of the Squared Residuals (SSR)...

#tn
]

We can visualize how good or bad the
Regression Tree is at making predictions

by drawing the Residuals, the differences
between the Observed and Predicted

" values.

Lastly, we can

compare the SSR for

different thresholds by
plotting them on this

...and when the threshold for the tree graph, which has Dose

is Dose < 3, then the SSR = 27,468.5.

i
[ ]
L]
L]
i L]
-
]
]

1009 : .*"'.(m ", o F on the x-axis and SSR

s - v o . on the y-axis.

?5 : :‘i "*1 L‘ v '; ..'.‘
N ‘. 2
: % (0-0P+(0-388P+ (0-38.8)+(0-38.8) «

50 : 30,000 O
: i  +(5-388)2+ (20 -388)2 + (100 - 38.8)2 o

23 > +(100 -388R + ...+ (0-3882 " 1:;;2“ A 1

Jlllllllllllllllll: '.'.F
' = 07,468.5 : 4"
-1[] ED SD q'l:l ll-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-l-:

Drug Dose
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Building a Regression Tree: Step-by-Step 100

Now we shift the Dose threshold to ...and we build this super Drug vE §
be the average of the second and simple tree with Dose < 5 at Effectiveness | =
third measurements in the graph, 5. the Root *s, % 504 &
} N
100 & &2
Drug 75 . & 210 20 30 40
Effectiveness . ., 2 Drug Dose
%  5p G Average=0 o 3
‘ 4
. s Because the average h‘
o5 1 S Effectiveness forthe 2 = All of the other points have Dose =2 5,
: points with Dose < 5is : and their average is 41.1, so we put
0, we putO in the Leaf 41.1 in the Leaf on the right.
y- 10 20 30 40 on the left. o
*,, ~ Drug Dose o, i
Then we shift the threshold to ...and that giuea_/-.l |
@ Now we calculate and plot be the average of the third us this tree... -..and this
the SSR for the new and fourth measurements, 7.. : point on
threshold, Dose < ... . ", the graph.
1009 :
30,000 o :
® <« -
Drug [
15,000 Effectiveness
SSR %0

2l

10 20 30 40
Dose 25

...and we see that the SSR for Dose < 5 is
less than the SSR for Dose < 3, and since s 10

20 30
we're trying to minimize the SSR, Doss <5 Drug Dose

is a better threshold.
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Building a Regression Tree: Step-by-Step

Then we just keep shifting the threshold to the
average of every pair of consecutive Doses,
create the tree, then calculate and plot the SSR.

100
[
a0

29

<10 20 30
Crug Dose

@ Then, after shifting the Dose threshold 7

100 '
75 :
50 : 30,000 wf*
25 > 15,000
SSR
10 20 80 AQ 10 20 30
Drug Dose Dose

After shifting the Dose threshold over
2 more steps, the SSR graph locks like this. =,

*
‘i

100

L
.-F I¥*
s

75

n
i‘*l-ii"

W
AEEEEEE RN

a0

29

rug Dose

And finally, after shifting the ».the SSR graph
Dose threshold all the way to looks like this.
the last pair of Doses...

100

75 : :
- \4
a0 ‘:‘ E 30,000 W
05 {15,000 BAM!
: SSR
10 20 30 40 10 20 30 40
Drug Dose Dose
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Building a Regression Tree: Step-by-Step P

the measurements into two

Locking at the SSRs for each Dose .50 Dose < 14.5 will be groups based on whether or not
threshold, we see that Dose < 145 the Root of the tree... the Dose < 14.5.
had the smallest SSR... 100 3
Dose < 14.5 75
30,000 50
15,000 05
SSH
10 20 30 40 0% 20 380 40
Dose Drug Dose
Now, because the threshold in the Root of In other words, just like befors, we can average the first
the tree is Dose < 145, these 6 @ two Doses and use that value, 3, as a cutoff for splitting
measurements go into the Node on the left... the 6 measurements with Dose < 14.5 into 2 groups...

L)

. .

" -

) SamEEEEy,
*y

-

100 S .
:" E 1 “-""'-“
?5 ; E :-“
: E 100 i" : ...then we
504 ;& : : calculate the SSR
Pl ...and, in theory, we . for just those 6
: : could subdivide these [k : measurements
254 Y d 6 measurements into : and plotit on a
! smaller groups by 50 : 300 »** graph.
- repeating what we just : © Crarnane: or
10 + 20 a0 A0 did, only this time o5 :
Drug Dose focusing only on these O

6 measurements.

10: 20 80 40 7.25 14.5
Drug Dose Dose
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Building a Regression Tree: Step-by-Step

And after calculating the SSR for each ...and then we select the threshold that
threshold for the 8 measurements with gives us the lowsst SSR, Dose < 11.5,

Dose < 14.5, we end up with this graph... . for the next Node in the tree.

L ]
*
L ]

1009 £ & v o : Dose < 14.5 No. No bam.
P 10,
75 o 1.-“""r Coge <1 ‘1 o
S 0] O K
50 - SSR (e)
Y S B |
- 7.20 14.5
25 D Dose
— .
10f 20 80 40
Drug Dose
Earlier, we said in theory we could oo LS Clunfn we el Bt el Ll wflth 2 el ...and making a prediction
L . measurement in the Leaf on the right because -
subdivide the 6 measurements with there 's the onlv one measurement with a Dose based ona single
Dose < 14.5 into smaller groups... y measurement suggests that
s SRR U ] e o the tree is Overfit to the
: .':#' 100 . Training Data and may not
100 i : : o perform well in the futurs.
: E =: . : § The simplest way to prevent
75 . : % o this issue is to only split
. : ! s measurements when there are
50 - : ", 20 s more than some minimum
- R § ol number, which is often 20.
i ¥ o5l TTde 1 : However, since we have so
G D little data in this specific
: example, we'll set the

10 o0 20 AN minimum to 7.
20 30 40 D Do
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Building a Regression Tree: Step-by-Step

Now, because there are only 6 measurements ...and because we reguire a minimum of
with Dose < 14.5, there are only 6 7 measurements for further subdivision, BA M

20 30 40
rug Dose

20 30 40 10
rug Dose

—
=

mePaurementa in the Node on the left..: the Node on the left will be a Leaf...
100 £ ., Doge < 145 B :
FTT, ;
75 - 4.2% Effective Drug 75
g : Effectiveness :
s04 & i A % 50 :
. : . ...and the output value for :
: : "._ the Leaf is the average :
259 ¥ d *, Effsctivensss from the 6 25 :
. ", ,measurements, 4.2%. *'_.--"'"}
: w ‘., i . o l-",. o . ‘hi."" : | | |
10 & 20 30 40 SEememst e 10 = 20 a0 40
Drug Dose Drug Dose
Now we need to figure out what to do with the 13 Since we have more than 7 measurements in the
remaining measurements with Doses = 14.5 that Node on the right, we can split them into two
& go to the Node on the right. groups, and we do this by finding the threshold
% ", that gives us the lowest SSR.
100= - : t: 100 - . "‘: “‘""Iluill""".ll".'lr'."i-‘I
75 : 75 : P o w
50+ : % 50 : %
254 25
D D
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Building a Regression Tree: Step-by-Step

And because there are only 4 measurements ...and since the Node has fewer than 7
with Dose = 29, there are anly 4 measurements, we'll make it a Leaf, and the
measurements in this Node... output will be the average Effectiveness from
K] those 4 measureaments, 2.5%.

100

.

II...'.

Effectiveness . s
% 50 : .,
: A :
05 : 2.5% Effective
10° 20 a0 Cap o TTtttrnnneesessssssssssssenttt
Drug Dose
Now, because we have more than 7 measurements ...we can split the measurements into
with Doses between 145 and 29, and thus, more two groups by finding the Dose
than 7 measurements in this Node... threshold that results in the lowest SSR.
#"-—-.'.l"'lh..g-i"‘? .“‘* F‘ .."*"l‘;:l.'"“‘ “'1-
i (O, (((O I
75 : : : 10
50 : % : %
25 : :

10 20 30 40 10 20 % 30 40

Drug Dose Drug Dose

211



Building a Regression Tree: Step-by-Step

And since there are fewer than 7 ﬁ.this will be the last split, because
measurements in each of thesse two groups... none of the Leaves has more than

% '
A - 7 measurements in them.

Doge < 14.5 I!

100

Drug 70

Eﬁectg;e”‘aﬁﬁ : : Now, all we have to dois
50 : : calculate the output values for
. : the last 2 Leaves.
05 . : o
- ] o
: : G
10 20 = 3D 40
Drug Dose
So, we use the average Drug Effectivensss for ...and we use the average Drug Effectivenass for
measuraments with Doses between 235 and 29, cbservations with Doses between 14.5 and 23.5,
52 8%, as the Dutfut for Leaf on the feft... 100%, as the output for Leaf on the right.
]
ol ;ll “‘l-‘
. [ P -'t.
100 i 1009 ey 3 :
T o (((O;
'y . Dose < 14.5 - . .
[ - - - &
Drug fa - E '-‘ "," Drug o=y E E
Effectiveness - ., s Effectiveness : :
% 50 : " % 504 : i
: N, H .
25 E l-q-l-..l"ql 25- E E
: “a P
. 62.8% Effective g 100%: Effective - .
. W
10 20 =« 30 40 10 20 & 30 4.0
Drug Dose Drug Dose

MNow, at long last, we've finished
@ building the Regression Tree. DOUB LE BAM ! !!
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" BUT WAITIII ™
\THERE’S MORE!!! /



Building a Regression Tree With Multiple Features: Part 1

So far, we've built a Regression Tree Now let's talk about how to - —
using a single predictor, Dose, to build a Regression Tree to ¢ NOTE: Just like for
predict Drug Effectiveness. predict Drug Effectiveness Classification ¢
- using Dose, Age, and Sex. . Trees, Regression

L 5 -

Trees can use any |
type of variable to

100 @

Drug /® . make a prediction.
Effectiveness However, with
10 g8 /
% 5 ! Regression Trees, |
20 0 we always try to
10 29 F g8 diot
a5 25 B FIFE ICT &
20 73 M 0 continuous value. §
= 44 - ' ———
. ot 39 o4 F B
elG... G...
10 20 a0 40
Drug Dose g 12 M 44
etc... etc... etc... ete...
First, we completely ignore Age ...and then we select the However, instead of that threshold
and Sex and only use Dose to threshold that gives us instantly becoming the Root, it only
predict Drug Effectivensss... the smallest SSR. becomes a candidate for the Root
4 : : This might be the Root,
100+ but we don't know yet.
10 i : 98 3 Drug 727 R
: - : - E i1 Effectiveness 5
: : : : % 504
P a5 i 6 - -
E s T 05 Average = 4.2 @l Average =518
E etc... & E etc... =
fppmmmEmEEE | fppmmmmnEmnm i | L
10: 20 30 40
Drug Dose
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Building a Regression Tree With Multiple Features: Part 2

thr;ﬂgg;ﬁ'gi;; ..and that becomes the second
the smallest SSR... cand.rdate for the Root.

Then, we ignore Dose and Sex
and only use Age to predlct

Eﬁectweneea
1‘:"‘ : 1
100 . 2
Drug ‘*_*E
n 75 :
P25 : E i _ |
: 73 ¢ : 0 A Average =3 [ Average =52
R SR Y.
Pz b v b
E etc... E E etc... E -
LIRS RN NNNE] L ERRRRRRRRE ED 'q-D : ED ED
Age
Lastly, we ignore Dose and Age ...and even though Sex only has one .
and only use Sex to predict threshold for splitting the data, we ...and that becomes the third
Effectiveness... still calculate the SSR, just like Gﬂndﬂﬂff' for the Root.
S, * before... &
100 : d
75 :
i F 98 i : k :
PoM 0 >0 : Average= 52 | Average = 40
. A B
Pom |4 :
E etc etc. E :

Male

Fernale
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Building a Regression Tree With Multiple Features: Part 3

@ Now we compars the SSRs for
each candidate for the Root... e L eyt Y e

..,.;_,i--“" % the lowest SSR, it becomes the
A Root of the Regression Tree.

Dose < 14.5 '

Y

Average =4.2 @ Average = 518 Age > 50

...and pick the one
with the lowest

* value...
N ::
°  SSR=12017 -
. = fu L
Average =3 Average = 52
N
°  sSR=20,738
Average = 52 Average = 40 - ey Norm, what's your favorite | _ . |
thing about Decision Trees? &# Good question ‘Squatch! I like

how easy they are to interpret and
how you can build them from any
type of data. o
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Building a Regression Tree With Multiple Features: Part 4

MNow that Age > 50 is the Root, the people
®in the Training Data who are older tM-"a”d the p:;s:;hti:ﬁ itﬁﬂ go to the
go to the Node on the left... gt

Drug
Effect

: : : : 25 & F 98

e ppp—  EELLELTETE frssssmssmssnnannannan . :" Sessnsnsnns Bessssnsnmnnnnnnnnnnnn

P 20 i 73 1 M 0 i : :

3 i 54 i F 5 : :

----------- !----------E------u-uuuuuu- !----------E.---------------------
. - = 12 = \Y 44
El"‘l""": i""""‘j
Then we grow the tree just like before, except now for ...until we can no longer subdivide the
each split, we have 3 candidates, Dose, Age, and Sex, data any further. At that point, we're

and we select whichever gives us the lowsst SSR... done building the Regression Tree.

TRIPLE BAM!!!

N

Mow that we understand
Decision Trees, let's [earn about
Support Vector Machines!!!

NOTE: The final
prediction is Drug
Effectiveness.




Chapter 11

Support Vector
Classifiers and
Machines (SVMs)!!!




Support Vector Machines (SVMs): Main Ideas

The Problem: We measured how much
Popcorn people ate, in grams, and we
want to use that information to predict if
someone will love Troll 2. The red dots

...and then use Logistic
Regression to fit an s-shaped
. squiggle to the data...

In theory, we could create a
y-axis that represented whether
or not somecone loves Troll 2 and

represent people who do not love Troll 2. mmf the dots accordingly... o
The blue dots represent people who do. : *'"..L |4
-, Yesls ) -
3, .L“: ...however, this s-shaped
H ‘n_* Love Troll 22 ", squiggle wquld make a |
: *,. * terrible classifier because it
| 4 4 would misclassify the people
No who ate the most Popcorn.
Popeorn Consurmed (g) Popcorn Consumed (g) Can we do better?
A Solution: A ISuppnrtvectnr Machine [S‘U’MJ can In this example, the x-axis is the amount
add a new axis to the data and move the points In of Popcorn consumed by each person
+ away that makes it relatively easy to draw a and the new y-axis is the square of the:
; straightline that correctly classifies pec:[.::llle. Popcorn values.

L]

'-.'.I-..‘..

YUMI | love

: . popcornill
: ".‘ Now, all of the points to the left
::"' *+ of the straight line are people

Popcorn? who do not love Troll 2...

The first step in learning
how a Support Vector
Machine works is to learn

L/\/

...and all of the people on the right
of the straightline loved Troll 2, so

“srnnnnnnnsnssanne N8 Straight line correctly separates about Support Vector
U i i the people who love and do not Classifiers, so |et's gst
Popcorn Consumed (g) love Troll 2. BAMI startedl!
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Support Vector Classifiers: Details Part 1

If all the people who do

...and all of the people
not love Troll 2 didn't eat who love Troll 2 ate a lot
much Popcorn...

of Pﬂpcﬂmk.:)
Y 4

...then we could
pick this threshold
efO classify people.

Fopcorn (g)

.t

T"l**..

Ore way to improve the classifier is to
use the midpoint between edges of

s each group of peaple."

previously classified
a8 someons who
loves Troll 2...

...is classified as someone who does not Imre/
Troll 2, which makes more sense.

;

However, one problem with using the midpoint
between the edges of each group as a classifier is
that outliers, like this one, can ruin it.

]
i

L
L

1KO-000-0—1+—0 G

Fopcorn Consumed (g)

Now the person we'd +*

: O = Loves Troll 2

; O = Does Not Love Troll 2 ]

However, as you've probably already guessed,
this threshold is terrible because if someone
new comes along and they ate this much

= Popcorn...

v

...then the threshold will classify them as someone
who loves Troll 2, even though they're much closer
to the people who do not love Troll 2.

i-".“t ---- e T "'ju;
o | 4 F

So, this threshold
e is really bad.

Y., e Canwe do
bl TTPPSI S better? YES!!

Now, because of the outlier, which could be a mislabeled data
point, the midpoint between the edges of each group is
relatively far from most of the people who love Troll 2...

...and we're back to classifying that new person as
someone who loves Troll 2, even though they're closer

to a lot more people wlln:- do not love Troll 2. "w

.

A b Can we do

better?

YES!!
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Support Vector Classifiers: Details Part 2

Onre way to make a threshold for
classification less sensitive to

outliers is to allow misclassifications.

For example, if we put the threshold
halfway between ﬂ]ese two people...

o

S 4
' - I: :3' : ::',' -I

...then we'll misclassify this person as
someone who does not love Troll 2, even
though we're told that they do...

-
&

im *
-l-“ ..“"rl“
KO- .

...butwhen a new person comes along...

¥
b - -

...they will be classified as not loving Troll 2,
which makes sense since they're closer to
most of the people who do not love Troll 2.

o5
-l-* L.

2N
10;0.00; -

NOTE: Allowing the threshold
to misclassify someone from
the Training Data...

v
b -

...in order to make better predictions...

4
O -

...i1s an example of the Bias-Variance
Tradeoff mentioned in Chapter 1. By
allowing for a misclassification, we
avoid Overfitting the Training Data
and increase the Bias a little, but we
improve owr predictions of new data,
which suggests a reduction in
Variance.

_. O = Loves Troll 2
| O = Does Not Love Troll 2

Alternatively, we could put
the threshold halfway
between these two people...

l"*

...however, this new threshold
gives us the same result: one
misclassification from the Training
Data and the new person will be
reasonably classified.

[
L] ]
q
[]

»V

To be honest, the remaining
combinations of pairs of points
would give us similar results, so it's
not super important which pair we
pick.

However, if we had a more
complicated dataset, we could use
Cross Validation to decide which

pair of points should define the
threshold and determine how many
misclassifications of the Training
Data to allow in order to get the
best results.
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O = Loves Troll 2

Support Vector Classifiers: Details Part 3

I O = Does Not Love Troll 2 §

Ncnw imagine Gross Validation determined However, if, in addition to measuring how much Popcorn
that putting a threshold halfway between people ate, we also measured how much Soda they
these two points gave us the best results... drank, then the data would be 2-Dimensional...

CS) the Support Vector
‘“ 1 OO CQ Classifier would be

1-Dimensional.

-i"'ﬁ : .‘l—‘
o "-1 ;: O ...and a Support
3 O Vector Classifier
:’"‘- _ e o T . would be a straight
et vat Soda (mi) A T line. In other words,

then we would call this threahc-ld O
a Support Vector Classifier.

Fopcorn (g)
BAM. If we measured Popcorn, Soda, and Age, then the
data would be 3-Dimensional, and the Support

NOTE: Because we only measured how

Vector Classifier would be a 2-Dimensional plane.
much Popcorn people ate... x

L a®

P 0O Q And if we measured

| 4 4 things, then the
Pepeen )< 4l B een| g _— ot oot
i i , whic

we can't draw, but
the Support Vector

: Classifier would be
...the Support Vector Classifier, the threshold Age i) 3-Dimensional.

we use to decide if someone loves or does not
love Troll 2, is just a point on a number line.

4

Etc., etec., ete.
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Support Vector Classifiers: Details Part 4

Support Vector Classifiers ...but what if, in terms of Popcormn _—
sgem pretly cool because consumption, the people who do not love 1 T
they can handle outliers... Troll 2 surrounded the people who did? i © = Loves Troll 2
‘: ‘_-*" h'*-. : O = Does Not Love Troll 2%
1‘ ‘:.1- i-:‘ e i el

KO-O%% PO O—CO0—@O0—000H

Fopcorn Consumed (g)

Now, no matter where we put the Uah! These are Double Ugh!! Triple Ugh!!! These and .,

Support Vector Classifier, we'll r‘gi s.classiﬁedl + These and these », these are misclassified!l '*,_

make a lot of misclassifications. o ' ¢ are misclassifisdll! % - Can we do better??? :
A F 4 ¥

DO0—000H

' ' ' To see how we can do better, let’'s learn
HEBE about Support Vector Machines!!!

But first, we have to learn a little terminology...
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Oh no! It's the dreaded Terminology Alert!!!

Terminology Alert

The name Support Vector Classifier
comes from the fact that the points that
define the threshaold...

A .
-

* " a
e -
-

...and any points closer to the threshold

"

Hey Norm, do

you have any
good Troll 2
trivia?
are called Support Vectors. NP ——
O = Loves Troll 2
O = Does Not Love Troll 2

The distance between the points that
define the threshold and the threshold
itself is called the Margin.

L

YES! The bad guys in Troll 2
are goblins, not trolls, The

distributors knew this, but

“:

| SETTITT | Y

brossnnnnns |

: : named it Troll 2 because they
u : thought people would rather

o .‘ 1
I L3 ﬁ -1 see a movie about trolls.
A

...and when we allow misclassifications,
the distance is called the Soft Margin.

MNow that we understand the lingo, lat's try to gst
a little intuition about how Support Vector
224

Machines work before diving into the details.



. O = Loves Troll 2

Support Vector Machines: Intuition Part 1

: O = Does Not Love Troll 2 3

To geta general intuition about how Support Vector

Machines work, Iet's return to the dataset that has the MNow, even though we only measured
people who love Troll 2 surrounded by people who do not. how much Popcorn each person ate,
'.-"‘-‘ let's add a y-axis to the graph.
S

a® w
L]
H M I H i H H H H H un® L]
‘J-..‘ .
™
™

Fopcorn Consumed (g) y-axis .
v

10—C0—@O0—000+

Fopcorn Consumed (g)

Specifically, we'll make the
y-axis the square of the amount

s g o v v

. y ~ 9 : oF i coordinate is 0.52 = 0.25.
- X-axls coordinate 1s 0.5... -
2 ‘-l-"“ ‘*‘_‘l‘* ..i-‘

Fopcorn €ronet . ; JEPTTT TP I . 2 JUCT LT
opcor OPCOrn "
P P e
Fopcorn Consumed [g) — — vl O— — — vl

Fopcorn Consumed (g) Fopcorn Consumed (g)

Now we just use Popcorn? to
get the y-axis coordinates for .,
the remaining points. Tt *, A

- O Popcorn?
Popcorn2 F: ' ) Popcorn2 @T )

@,
I°—@ e e I o— - A ©

Popcorn Consumed [g) Popcorn Consumed (g) O OO

A
O

Fopcorn Consumed [g) 225



| O = Loves Troll 2

Support Vector Machines: Intuition Part 2

: O = Does Not Love Troll 2 ;

...and now that the data are 2-Dimensional, we can
draw a Support Vector Classifier that separates the
people who love Troll 2 from the people who do not.

Because each person has x-and
y-axis coordinates, the data are
now 2-Dimensional...

Fopcorn? - .
; Popcorn? XY

Fopcorn Consumed (g)

i ) —

FPopcorn Consurmed (g)

These are the
3 main steps!l!

The 3 main steps
for creating
Support Vector
Machines are...

Then find a Support Vector Classifier
Then use the existing that separates the higher dimensional
data to create highsr ¢ data into two groups.
dimensions. In this .

example, we created a 2- ‘ DOUB LE

Dimensional data by

. . . squaring the original .
Start with low-dimensional data. Popcorn measurements. . BAM ! !! O
@ In this case, we start with . ",
1-Dimensional data on a ; ©
number line. o O "o,
o o O Popcorn? ‘*.11
o Popcorn? b
A P
@
Fopcorn Consumed [g) OD {?

Fopcorn Consumed (g)

Fopcorn Consumed (g)
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Support Vector Machines (SVMs): Details Part 1

MNow, in the previous example, you may
have been wondering why we decided to

create y-axis coordinates with ancnrnﬂ..f"’..instead of something
. really fancy like this.

To make the mathematics efficient,
Support Vector Machines use something
called Kernel Functions that we can use
: to systematically find Support Vector
.f, Classifiers in higher dimensions.

Fopcorn?

Fopcorn Consumed (g)

...where a and b refer to
two different observations

The Polynomial Kernel, which
is what we used in the last
example, looks like this...

v

! Polynomial Kernel: (@ x b + r)d ,

Fopcorn?

s
- E*J Popcorn

In other words, how do
we decide how to
transform the data?

Two of the most popular Kernel
Functions are the Polynomial Kernel
and the Radial Kernel, also known as

the Radial Basis Function.

| love making
popcorn from
kernelsi!!

...rdetermines the
coefficient of the
v DD|},FHDmiE1|...\

* s -* ...and d determines the
o v
a

in the data...

degree of the polynomial.

4 \ 4
KO—O0—(O9—O0OCOH

Fopcorn Consumed (g)
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Support Vector Machines (SVMs): Details Part 2

In the Popcorn EKHmDE,_/‘...aﬂd since we're squaring the term, we can
wesetr=1/2andd=2..: expand it to be the product of two terms.

¥ Polynomial Kernel: (@ x b + 12 |

* # P %
@xb+r)y =(axb+=+)2=(@xb+=)axb+=)

NOTE: Dot Products sound fancier
than they are. A Dot Product is just...

¥
L

...and we can multiply 5.
both terms together... i,'

- 1 1 =1
=ab?+i—ab+—ab+— § ... | ...
1 2 P =4
...and then combine F -i_f' """
the middle terms... [
¥ ...the first terms
1 multiplied together...
=azb? + ab + T
...and, just because it will make 1-,_ S
things look better later, let’s flip the '*ﬂ‘-*' : L : L. -
order of the first two terms... [ty K71 :
1
=ab + a<b? + =
< 4 ...plus the second terms
...and finally, this polynomial is ‘.-" ab + aZb2 A 2= ) T e
equal to this Dot Productl ™ """"=-.,

Hey Norm, '
what's a Dot} . 3.5, il
Product? '

...plus the third terms
multiplied together.

‘Squatch, Dot
Products ars

explained in the
NOTE on the right.

Bam.



Support Vector Machines (SVMs): Details Part 3

To summarize the last catr=1/2 ..and, after a lot of ..and then ...80 now we need to learn
page, we started with the - math ended up with SmtSquatch why we're so excited

Polynomial Kernel... b f = oo this Dot Product.. learned that about Dot Products!!!
Lt Dot Products
[ >y A k| sound fancier

1 1 than they are...
— . I
@xb+r) =(@axb+=)2=(a a2 3) b, b2 %) 2]
Since a and b refer to two different ,
. ) . ...the second terms are their ,
observations In the data, the first terms . , . and the third
. ) . y-axis coordinates... )
are thelr x-axis coordinates... terms are their z-

A 1 nem 1 geeses punans 1 axis coordinates.
(ﬂ, ?E: 3) (b:bgs E) (3,132!:3) (b,sz,—) ‘:,-*“ '**.1
"‘. i‘.‘ :: .: ;li': ;lll:
: - s (ﬂ, EE:E_; (b: bE!E y
: - o .21 2
Popcorn? _ : Popcorn? 4 A However, since they are 1/2
b F’ O ’ for both points [and every
- ir of points we select), we
— 09— OO — OO0 pair o1 pol
Fopcorn Consumed (g) Fopcom Consumed (g) can ignore them.

’The x-axis coordinate is the (a, 32, X) - (b, bE, X)

amount of Popcorn
consumed, and the y-axis
coordinate is Popcorn2,

Thus, we have x- and y-axis
coordinates for the data.

-n--l."'-'-. '----""'i.
'l' " .I"' n
]

STAL e
(@, a2i- ) i(b, b g g i

Fopcorn Consumed (g)
22



between every pair of points to compute

@ their high-dimensional relationships and find
the optimal Support Vector Classifier.

Support Vector Machines (SVMs): Details Part 4
Instead, the Kernels use the Dot Products

The reason Support Vector Machines uss

Kernels is that they eliminate the need to
actually transform the data from low

dimensions to high dimensions.

L_ 2

[ % 3
a
L

Popcorn® :
0 Fopcorn?
b (QO
@_©
o o | o l 4 O_ 4
Fopcorn Consumed (g)
// Popcorn Consumed (g)
For example, when f.we get this
r=1/2 andd=2... Dot Product... ...and since a and b refer to two different
: : ;*‘._ observations in the Training Data, we
: : *.-' ey can plug their Popcorn values into the
. K b ¢ Dot Product and just do the math.
d _ Iy _ 2 1 2 1
(axb+r) _(axb+2)—(a,a,2)(b,b,2) f — O o
merrarans 5 graseessan
(@, 8%5)ib, b%:75)

230

Umm... How do
we find the best
values for rand of

Just try a bunch of
values and use Cross
Validation to pick the
best ones.




Support Vector Machines (SVMs): Details Part 5

For example, if this ...and this person

person ate § grams ate 10 grams of .-TO dowrmnean .
of Popcomn... _.wsee Popcorn... Popcorn? A e,
A4 E (e - el 13
b — O— O— vy Fopcorn Consumed (g) “.;
...then we plug the .
values, 5 and 10, into > stead c:nf.the
ssersssenae wq | g : 1 th‘e Dot Product... high-dimensional
: (a, HE:E_) E(‘b: bE,E_) s J distance to find the
e T L o e :a- ﬂ...ﬁﬂd T ﬂ"lIE DDtImEl' Suppnrt
‘:‘4" ...do the math... number, 2550.25... Vector Classifier.

A4 Umm....
1 1y _ 1 1+
(5, 59,3)- (10, 109,3) =(5x10) + (52 x 102) + (Ex E) = 2550.25 ;gﬁ;ﬁg

Multiplier Method, which is like Gradient Descent. the dstails of how Support Vector

Like Gradient Descent, the Lagrangian Multiplier Machines and the Polynomial Kernel

Method is an iterative method that finds the optimal work, let's briefly get an intuition of how
Support Vector Classifier one step at a time. the Radial Kernel works.

The relationships calculated by the Dot Products ars
used as input in a technique called the Lagrangian @Dkﬂ‘_‘n"! Now that we understand most of

Unfortunately, the details of how the Lagrangian

Multiplier Method works are outside of the scope of
this book.
(
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The Radial Kernel: Intuition

The basic idea behind the Radial

_ . . Kernel is that when we want to
Earlier in this chapter, | mentioned that

two of the most popular Kernel 2l e eliealy tE}H{Ed claselfy 2 n._ew ReISEn..-
Functions for Support Vector AL 2Ll e Dl T .
Machines are the Polynomial Kernel L=l bl st 2 4
and the Radial Kernel, which is also intuition about how the 10-@00—O—000
. ’ Radial Kernel works. N S A
called the Radial Basis Function. Fopcorn Consumed (g)
...we simply look to ses how the closest points
from the Training Data are classified. In this
The equation for the Radial Kernel might case, the closest points represent people who
look scary, butit's not that bad. dﬂ not love Troll 2...
POl

This Greek symbol y, gamma,

...and we find a good valus for y
scales how much influence

Yo T W
[gamma) by trying a bunch of IO-‘:D— A A -
neighboring points have on values and using Cross Validation FEREEC] R s
: Classification... to determine which is best...

"Il
oo "re, o, {\—/ ...and thus, we classify the new person as
L] L 3
_‘ . " someone who does not love Troll 2.

p ...and just like for the H
— ]’(ﬂ—b) . Polynomial Kernel, a and ¥
€ & “** b refer to two different . are are e
;" ] observations in the data. rC -._I:xrx"x’_-l
Y Fopcorn Consumed (g)

Y DOUBLE
—o— o - BAM!!! BAME

Believe it or not, the Radial Kernel is like a Eﬁ;,}_}; ';ﬁ,,m
Polynomial Kernel, but with r = 0 and d = infinity... ...and that means that the Radial Wt 5 oot e
‘:‘n_* Kernel finds a Support Vector i s AT RE
T Ty Classifier in infinite dimensicns, which '*,".,1"¢Iim O
- sounds crazy, but the math works out. | sf'me, e es a5 o §
(ﬂ xb+r )d = (3 x b + 0) For details, scan, click, or tap this QR dlalefl gk e i
code to check out the StatQuest. @ LI TPk b
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Hey Norm,
what's next?

MNeural Networks, which sound crazy
scary, but as we'll scon see, they're
just Big Fancy Squiggle-Fitting
Machines. So don't be worried!
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Chapter 12
Neural Networks!!!



Meural Networks
Part One:

Understanding How Neural
Networks Work



Neural Networks: Main Ideas

The Problem: We have data that r..and the s-shaped squiggle that Logistic Regression
show the Effectiveness of a drug uses would not make a good fit. In this example, it
for different Doses.... would misclassify the high Doses.
o2 -
AT
Drug 100 Qo Drug 100 | ; -
Effectiveness s Effectiveness = B 5

problem with a Decision
Tree or a Support Vector
Machine?

% 50 % 5p

Low  Medium  High Low  Medium  High
Crug Dose Drug Dose

Yeslll But they will
probably not all perform
the same, so it's a good
idea to try each one to
see which works best,

A Solution: Although they sound super
intimidating, all Neural Networks do is
fit fancy squiggles or bent shapes to
data. And like Decision Trees and
SVMs, Neural Networks do fine with
any relationship among the variables.

For example, we could get ..to fita fancy _/" or we could get thls-/)...tc:u fita bent shape
this Neural Network.. sqmggle to the data.. hleural Network. to the data. '\

’ ' BAM!!!

I 100

Low  Medium  High

Low Medium High Drug Dose

Crug Dose
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Terminology Alert!!! Anatomy of a Neural Network [Rillistiiiomss

Although Neural Networks LT A
usually look like super  "*resasr®
complicated groups of neurons
connected by synapses, which is
where the name Neural Network
comes from, they're all made
from the same simple parts.
Neural Networks consist of
Nodes, the square boxes... .
. ...and connections
o7 "'-r*n between Nodes,
< LT _ the arrows.
l‘t" ‘-}‘ ":
Dose '- x -1.30 ‘_,.ﬂ" 1 Effectiveness
(Input) [Output)
x -34.4 €*
Sum |+ -0.58 —}
x-2.52 _
A i+129h.%) | x 2.28
N _ | — *
:'.‘,-"' ..... The bent or curved lines insids
‘;4" some of the Nodes are called
, Activation Functions, and they
The numbers along the connections represent parameter values that make Neural Networks flexible
were estimated when this Neural Network was fit to data using a and able to fit just about any data.

process called Backpropagation. In this chapter, we'll ses exactly
what the parameters do and how they're estimated, step-by-step.
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Terminology Alert!!! Layers

(Oh nol A Double Terminology Alert!!)

...and usually there are multiple
Qutput Nodes that form an

Neural Networks are organized in Output Layer...
Layers. Usually, 2 Neural et
Network has multiple Input - § et S

Nodes that form an Input Layer... |

n
¥ L]

*;_.#--.. t.;li
'*"‘L ‘ ’

Y. 4

"
»
e

'S

...and the Layers of Nodes betwesn the Input and QOutput Layers are called
Hidden Layers. Part of the art of Neural Networks is deciding how many Hidden
Layers to use and how many Nodes should be in each one. Generally speaking, the
more Layers and Nodes, the more complicated the shape that can be fit to the data.
In the example we’'ll use, , . .
we have a single Input ...a Ismgle Hlddgn !_aytai/_‘...and a single
with 2 Nnde§ init... Qutput Node.

Node... O X
Wi Lo :*; Effectiveness
(Input) s (Output) &
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Terminology Alert!!! Activation Functions [GEEEREET= = IUNGITIFITES T

The Activation Functions are the |
basic building blocks for fiting ssesssssssssssssnnas »

L J

squiggles or bent shapes to data. '*.‘

There are lots of different Activation
Functions. Here are three that are
commonly used:

RelLU, which is short for Rectified Linear
Unit and sounds like the name of a robot,
is probably the most commonly used
Activation Function with large Neural
Networks. It's a Bent Line, and the bend

isatx=0. H

SoftPlus, which sounds like a brand of
toilet paper, is a modified form of the
RelU Activation Function. The big

difference is that instead of the line

being bent at 0, we get a nice Curve.

Lastly, the Sigmoid Activation Function
is an s-shaped squiggle that's frequently
used when people teach Neural
MNetworks but is rarely used in practice.

...then the SoftPlus will tell
us the y-axis coordinate is

For example, the So, ifwe plug in

Although they might sound fancy, SoftPlus function is: an x-axis value,

Activation Functions are just like

the mathematical functions you S oftPlus(x) = log( ] x=214... ~ottr 2.25, because
oftPlus(x) = log(1 + &* . AT
learned when you were a g & log(1 +e214) = 2.25.
teenager: you plug in an x-axis ...where the log() function is Now let's talk about the
coordinate, do the math, and the the natural log, or log base main ideas of how
output Is a y-axis coordinate. e, and e is Euler's Number, Activations Functions

which is roughly 2.72. work. arg



Activation Functions: Main Ideas

The Problem: We need to create new, exciting shapes that can fit any dataset
with a squiggle or bentlines, even when the datasst is super complicatad.

L]
]

Low  Medium  High Low  Medium  High Low Mediurm High
Crug Dose Drug Dose Drug Dose

The Solution: Neural Networks stretch, rotate,
crop, and combine Activation Functions to create

new, exciting shapes that can fit anything!!! 10 create this

...8tretches, rotates, crops, squiggle that fite the

In the next section, A Neural and combines SoftPlus Training Data. ,
Network in Action: Step-by- Activation Functions... :
Step, we'll show you how tn"".
this Neural Network... 't_‘ 100
» + smmen 5[]
=—Fn
id 0
I Low  Medium  High
& Drug Dose

NOTE: The purpose of this
illustration is simply to show you
where we're headed in the next
section, so rather than think too
hard about it, read onl!!
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A Neural Network in Action: Step-by-Step

A lot of people say that Neural Networks are black boxes and that it's difficult to understand what they're doing.
Unfortunately, this is true for big, fancy Neural Networks. However, the good news is that it's not true for simple
ones. So, let's walk through how this simple Neural Network works, one step ata time, by plugging in Dose
values from low to high and sesing how it converts the Dose (input) into predicted Eﬁectivepeaa ([output).

L]

Dose Effectiveness
| (Input) [F]utp ut) A
1-1..'::’-‘

NOTE: To keep the math in this section simple, ALSD ”DTE:IWEEE numbers are parameters that are

let’s scale both the x- and y-axes so that they go estimated using a method called Backpropagation,
from 0, for fow values, to 1, for high values. and we'll talk about how that works, step-by-step, later.

For now, just assume that these values have already
been optimized, much like the slope and intercept are

Drug 100 m _ 1 (m optimized when we fit a line to data.
Effectiveness Effectiveness -

K
0 ) 0 —CLD Height = 0.95 + 0.64 x Weight
Low  Medium  High 0 0.5 1 Height Y. Iy
Drug Dose Drug Dose ot

-
e
L]
“1-....-!'

Weight
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A Neural Network in Action: Step-by-Step

The first thing we do is plug
the lowest Dose, 0, into the
Neural Network.

; Dose
: :: 3 (Input)
Effectiveness o
4
d": ——
0 0.5 1
Crug Dose

Mow, the connection /.tm the fop Node IP/
from the Input Node..: i

the Hidden Layer.™~

L]
L]

L
L

EEmEEE

Effectiveness
(Output)

+-0.58 -—)i I

multiplies the Dose by -/k.ta get a new x-axis coordinate
-34.4 and then adds 2.14 .7

for the Activation Function, 2.14.

i"‘
a®

FL L ™ L
'...-‘l i' -

4 A
(Dose x -34.4) + 2.14 = x-axis coordinate ¥

[0 x-34.4) + 2.14 = x-axis coordinate = 2,14
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A Neural Network in Action: Step-by-Step

r..and do the math, jui/*and we get 2.25. So, when the x-axis
like we saw earlier...

Then we plug the x-axis
coordinate, 2.14 into the

coordinate is 2.14, the corresponding
SoftPlus Activation &, y-axis value is 2.25.."
Function... s ..thus, when Dose = 0, the

5 > 4 & output for the SoftPlus is

“» SoftPlus(x) = SoftPlus(2.14) = log(1 + £2.14) = y-axis coordinate = 2.25 225. So, let's puta blue

_,.*"‘ dot, corresponding to the

et . blue activation function,
___,,“--"' %, onto the graph of the

-
[

. original data at Dose =0
% with a y-axis value = 2.25.

1= ""“ ‘r‘
* -
1‘_" -._'ll.‘
Effectivenass
0 ——
0 0.5 1
Crug Dose

Now let’'s increase tri/_‘...aﬂd calculate the new x-axis ...and plug -4.74 into the SoftPlus
Dose to 0.2... coordinate by multiplying the Dose by

Activation Function to get the
. : -34.4 and adding 2.14 to get -4.74... corresponding y-axis value, 0.01.
s o " "
2 ST (Dosex-84.4)+2.14 ¥ )
e (02 x -34.4) + 2.14 = -4.74 4 ;
: FY ' SoftPlus(-4.74) = log(1 + e474) 7
s %, Dose 5 o
Effectiveness ;"' ¥ (Input] < T

0 0.5 1

Drug Dose 247



A Neural Network in Action: Step-by-Step

Mow |let's increase th—e/—A..and calculate the new x-axis coordinate ...and plug -11.6 into the SoftPlus
Dose to 0.4... by multiplying the Dose by -34.4 and Activation Function to get the
& adding 2.14 to gst -11.6... corresponding y-axis value, which is a
o traan, value close to 0. ",
: i (Dosex -34.4) + 2.14 '.
Py (0.4 x -34.4) + 2.14 = -11.6 "4
it I SR R SoftPlus(-11.€) = log(1 + &-118)
. : ‘ _ <
1 § 4 . ’ clnae‘m 0
Effectiveness s 4 '_a""-' R LT PP Ly
> 2
; ._,ﬁ,_ » O@—
0 £ 1 0 0.9 1
Drug Dose Crug Dose
And if we continue to increase ...and calculate the new x-axis , , ,
the Dose all the way to 1 (the J/ coordinates by multiplying the DM"EHd plug the K-E.L‘-{IE.GDDMII"IETEE into
maximum Dose)... -34.4 and adding 2.14... the SoftPlus Activation Function to
Ry penas get the corresponding y-axis values...
o (Dose x -34.4] + 2.14 = x-axis coordinate __...seseeu, .
E.E :‘ “:i‘*‘ Lo "-" ‘**. '.f
:E . i_.-llll-“ tempnt SDﬂ:FlUELx]I = mﬂ“ + Ex]
'1-l 5 . == '1 .1:
; Dose
Effectiveness . (Input) 4 » 'f ...we gat these

blue dots.
', OQ009
0

Drug Dose Drug Dose
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A Neural Network in Action: Step-by-Step

Ultimately, the blue dots ...and the next step n the Neural |
resultin this blue curve Network tells us to multiply the y-axis
coordinates on the blue curve by -1.30.

i."-lllll'-.’
L

Effectiveness

0 .
0 0.5 1
Crug Dose
For example, when Dose = 0, the o Likewise, when we multiply all ...we end up flipping
current y-axis caqrdmate on the _."' of the y-axis coordinates on the and stretching the
blue curve Is 2-5-:5---\* $ blue curve by -1.30... original blue curve to
& ...and when we d geta new blue curve.
ot multiply 2.25 by -1.30, o :
\ LT L we get a new y-axis _‘_,.-" : t
coordinate, -2.93. p.-" . g
1 1] "
; Effecti 3
Effectiveness - BEHVEnSss . "
H 0 -
0 > . 0 e N 5 s
0 0.5 1 0.5 g ...
Drug Dose Crug Dose __"
i"‘"‘
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A Neural Network in Action: Step-by-Step

Okay, we just finished a major
step, so thisis a good time to
review what we've done so far,

...then the SoftPlus
Activation Function
converted the transformed

Doses into y-axis
- coordinates...

...then we transformed
the Doses by multiplying
them by -34.4 and adding
214...

First, we plugged Dose
values, ranging from 0 to
1, into the input...

...and lastly, we
transformed the y-axis
coordinates by multiplying
them by -1.30.

1 S
i*' i
Kd-
0 ——
0 0.5 1
Drug Dose

Effectiveness

0 05 1
Drug Dose
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A Neural Network in Action: Step-by-Step

Now we run Dose values through
the connection to the bottom Node

in the Hidden Layer. "

-1
Effectiveness
5 A > ' | AR
0 0.5 1 ;7 ; &
Drug Dose I

...and then we stretch the
y-axis coordinates by
multiplying them by 2.28
to get this orange curve.

The good news is that the only
difference between what we just did
and what we're doing now is that now
we multiply the Doses by -2.52 and

add 129, T —_ o !

...before using the SoftPlus
. Activation Function to
L convert the transformed
“*un..eer  Doses into y-axis

1 :
coordinates...

1
Effectiveness

) T
Effectiveness
D *

0
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A Neural Network in Action: Step-by-Step

add their y-coordinates together. *-.,

@ So, now that we have
an Drange curve. , ,
_ 2 ...the next step In the Neural Network Is to

..and a blue
4 -:u.rue Dose
: (Input)
For example, when .'
Dose =0, the y-axis .
value for the orange x
“t., Curve '3‘3-5--- ...thus, when Dose = 0, the '.**
LT TR new y-axis value is the sum of
the orange and blue y-axis
, values, 35 +-29=06. We'll
] -..and the y-axis keep track of that 0.6 value by ’
value TDr blue putting a green dot here.
Effectiveness curve |s.-2.9... 5
D .‘i "'..

L]
.‘.---l"‘
w




A Neural Network in Action: Step-by-Step

blue and orange curves..

@ -I-TLE -.;3;Theerezi:zlggn[:;iguﬁﬁ? ...plot the resulting -/&and, after connecting the dots, we
Y green dnt values.. ultimately end up with this green squiggle.
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A Neural Network in Action: Step-by-Step
NDw that we have this green
sq.uiggle from the blue and

orange curves...

...we're ready for the final step, which is to add -0.58
to each y-axis value on the green squiggle.

Dose | H
(Inp ut] :
Y

+ -0.58
F 'y

L]
L]
L]

@Fnr example, when Dose =0, the y-

axis coordinate on the green
squiggle starts out at 06...

...but after subtracting 0.58,
the new y-axis coordinate for
when Dose =0 is 0.0 (rounded
", 1 to the nearest tenth).
—— o
Likewise, subtracting 0.58 W, _,..*"‘
from all of the other y-axis I L L L
coordinates on the greenﬂ
squiggle shifts it down..: ,
L CCRGRLRITELLITE = ...and, ultimately, we end .
,, up with a green squiggle
ey
s

that fits the Training Data.

DOUBLE
_ | BAM!I!!

*u .
R LTI T T Lk

0

0.5
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A Neural Network in Action: Step-by-Step

Hooraylll At long last, we seef_,that this Neural Network uses to
the final green squiggle... predict Effectiveness from Doses.

-
[ el
] " .

..‘lj 1 I'I-""‘-..
4

Effectiveness

(Output)
 Sum

Effectiveness

058> 1.0

0 ——
0.5 1 X 2 98
Drug Dose A
Now, if we're wondering if a medium Dose of 0.5 will be Alternatively, if we plug Dose = 0.5 into the
effective, we can look at the green squiggle and see Neural Network and do the math, we get 1,
that the output from the Neural Network will be 1, and and thus, Dose = 0.5 will be effective.

thus, Dose = 0.5 will be effective.

TRIPLE
BAM!!!

Mow let’s learn
how to fita
Neural Network
to datal

Effectiveness

0.5 1
Drug Dose :
251



eural Networks

Fitting a Neural
Network to Data with
Backpropagation



Backpropagation: Main ldeas

The Problem: Just like for Linear Regression, Neural Networks have
parameters that we nesd to optimize to fit a squiggle or bent shape to data.
How do we find the optimal values for these parameters?

.,1-

Dose Effectiveness
'::-:':-
Input) E’» m Output
] X
- _ +277] =» |
x 277 '

A Solution: Just like for Linear Regression, we can
use Gradient Descent (or Stochastic Gradient

Descent) to find the optimal parameter values...\

...however, we don't call it Gradient Descent That
would be too easy. Instead, because of how the

derivatives are found for each parameter in a Neural

Network (from the back to the front), we call it
B Backpropagation.

L
& L)
.i 2
. . EEE
[
n

Effectivensss
(Output)

>

Dose
(Input)
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Terminology Alert

In Neural Networks, .
the parameters that e2l, e, :
we multiply are called '*nu gununmnaneey . "
Weights... s |x -34.4|%
x -2.52|
...and the parameters  _.«=*"" [
we add are called =%, :
R LT SEEEnmmmEn - + 2-14
Biases. » E
: [+1.29
299 ot
+ 777 - e
X 277
| . J IIIIIIIIIII L
L+ 2272 :
x?7? TR
299 x 272
+ 777 Y....

Weights and Biases

OHNO! It's the
dreaded Terminology
Alert!!

x -1.30|:
x 2.28| :
*.ii
gressasnanay
:|+-0.58
In the example that
follows, we'll use
Backpropagation
e, to optimize the
“*"tssseaeees Final Bias.
However, the same
process and ideas
apply to optimizing
e all ofthe
e parameters.
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Backpropagation: Details Part 1 et s s
¢ NOTE: To keep the math
relatively simple, from now !

In this example, let's assume that we ...except for the Final Bias. So the ' on, the Training Data will
already have the optimal values for goal is to use Backpropagation to ' have only 3 Dose values,
all of the Weights and Biases... optimize this Final Bias. 0, 0.5, and 1.

. .: iy E

. 5 Effectiveness O .

- (Output) . :

v . :

_ ' 0.5

Crug Dose

...and the bottom of the Hidden
Layer gave us this orange curve...

]
-
L]

Mow let's remember that when we plugged
Doses into the input, the top of the Hidden
Layer gave us this blue curve...

* ...and when we
added the y-axis
coordinates from
the blue and
“***=s. Orange curves,
’ we got this
green squiggle.

255



Backpropagation: Details Part 2

Now that the Neural Network has *...we’re ready to add the Final
created the green squiggle... Bias to its y-axis coordinates.

Effectivensss
(Output)

Sum [+ 222| =>

...and adding 0 to all of
the y-axis coordinates on
the green squiggle leaves
it ight where itis...

However, because we don't yet know the optimal
value for the Final Bias, we have to give it an
initial value. Because Bias terms are frequently

initialized to 0, we'll set it to 0...

...which means
the green

‘; Output squiggle doesn’t
: — fit the Training
Sum |+ 0.0 -) Data very well.
D(H ..“_1"::'.
05 1
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Backpropagation: Details Part 3

Now, just like we did for R2, Linear Regression, and
Regression Trees, we can quantify how well the green
squiggle fits all of the Training Data by calculating the

Sum of the Squared Residuals (SSR).

n
v
SSR =) (Observed; - Predicted;)?
=1
Then we add the

For example, for the first Dose, 0, the Residual for when
Observed Effectiveness is 0 and the Dose = 0.5. Now the
green squiggle created by the Neural Observed
Network predicts 0.57, so we plug in Effectivenessis 1, but
0 for the Observed value and 0.57 for the green squiggle __:1"
the Predicted value into the equation predicts 1.61. L

for the SSR. SERCITILL 4 L TRy

: . i - : T ‘l“ S

i SSR =(0-0.57)? 02 1 0.5 1

. | N Dmg D_cn.se “,.* Drug Dose

Then we add the Residual | L
) - 2
when Dose =1, where the _ + (1 1'61) Lastly, when we do the
Observed value is 0 Ed ) - math, we get SSR = 1.0 for
Predicted value s 0.88. | A : when the Final Bias = 0.
5, § +(0-0.98)0:=1.0:§,.
= ‘t". .:r Sy EEEEEEEEE & _ **‘#. ol ant an®®
(LTI L . i kb Output

\/

T- "“1' SL”T'I + 0.0 +

0.5 1
Drug Dose
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Backpropagation: Details Part 4

MNow we can compare the SSR for different Thus, when the Final Bias = 0, we can
@ values for the Final Bias by plotting them on this draw a pink dotat SSR = 1.
graph that has values for the Final Bias on the x- oY
axis and the corresponding SSR on the y-axis. RO
% Output

Sum |+ 0.0 —)

0.5 0 0.5
"-,'.“ ...... ;r Flﬂﬂ| EIHE
g;fl g?;;hf ...then we shift the ...and we can calculate
| 0.95 : green squiggle the SSR and plot the
T down a little bit... value on our graph.
\ 4
Sum |+ -0.25

-0.5 0 0.5
Final Bias

0.5 1
Drug Dose
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Backpropagation: Details Part 5

Setting the Final ..shifts the green
..and results in a
Bias to -D.E sqmggle down a
sllghtlyr In:uwer SSR.
Ili'tle bit maore..

i
L]
u

-

SSR

%]
>

Sum |+ -0.5

| |
-0.5 0 0.5
Final Bias

0.5 1
Drug Dose

at random, we'll use Gradient Descent to quickly find the
lowest point in the pink curve, which corresponds to the
Final Bias value that gives us the minimum SSR...

‘(\_/

...and to use Gradient

@ ...however, instead of just plugging in a bunch of numbers

And if we try a bunch of different values for the
Final Bias, we can see that the lowest SSR
occurs when the Final Bias is close to 05...

ssR o~ 0 Descent, we need the
s o derivative of the SSR with
2 v 0 respect to the Final Bias.
Q00 :
05 0 0.5 dSSR_ &
Final Bias “"d Final Bias
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Backpropagation: Details Part 6

@ F-:emelmber, each Predicted SSR — (Dbsen.red _ PIEdIGiEd;]E

value in the SSR comes from :
the green squiggle... P S

Y-.. ‘;!F
...and the green squiggle comes from the last part of
0.5 1 ", .."' the Neural Network, when we add the y-axis values
Drug Dose O from the blue and orange curves to the Final Bias.

...we can use The Chain Rule to
solve for the derivative of the SSR
with respect to the Final Bias.

Mow, because the Predictid—‘/—L _ _ 1-._‘
values ink the SSR... ...to the Final EI:‘:EIS... d SSR

..1-1---. ..... .’ "4‘ *.* d'FfﬂEf BfES .
B i seeeeesssssesses
SSR = Z (Observed, - Pmd.cted,]? 4
-t : ........... ":: SSR :a-.
. L L "'n...* . “': ‘_. E ‘1“-
R, K | \ 7
: Predicted := green squiggle = blue curve + orange curve + Final Bias (‘ 05 0 08
sssssssssnnmn " Flnﬂl Bias ]
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Backpropagation: Details Part 7

The Chain Rule says that the _
@ derivative of the SSR with ««sxs wp OSSR _ _dSSR ., dPredicted
respect to the Final Bias... d Final Bias d Predicted  d Final Bias
g A
: Psstl
e If this doesn't make any
. L ot n sense and you need help
...Is thel derivative of the .___H_.--‘ : with The Chain Rule, ses
SSR with respect to the ===**"" H Appendix F.
Predicted values... s
““‘.1 -,_*1 ‘:-r

. 1 sasssssssnsnnnns "

:SSR: :E(Dbsenredf _:Predictedy: N o

. : 4 . : ...multiplied by the derivative of
the Predicted values with

o respect to the Final Bias.

': “..-“‘_.--igni "'q-.‘_*‘
.' IIIIIIIIIIIII l: ‘..-‘ , IIIIIIIIIIIIIII :
: Predicted: = green squiggle = blue curve + orange curve +; Final Bias:
S :
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Backpropagation: Details Part 8

Now that we see that the ...1s the derivative of the ...multiplied by the derivative
derivative of the SSR with SSR with respect to the of the Predicted valuss with
respect to the Final Bias... Predicted values... respect to the Final Bias...
1“.' 'r", “_ir.
“A dSSR _  dSSR . dPredicted "

o Final Bias ) o Predicted  d Final Bias

...and multiplying
everything by the derivative
...which, in turn, by moving the of the stuff inside the
can be solved using -0 J parentheses, which is -1...

The Chain Rule... Equ?re to the front...

...we can solve for the first
part, the derivative of the
SSR with respect to the

++ Predicted values... o e
E. ¥ n Y oV | 4 P
: dSSR _ _ d E (Observed; - Predictedi)? = 22 x (Observed; - Predicted;) x -1
iy dPredicted d Predicted “= -1 ¥ A
[ = = '4‘_ -

L]
3
#‘_ &

...and, lastly, we simplify
by multiplying 2 by -1.
i— _ | L7 BAMIN

...-*"”We solved for the first part of
the derivative. Now let's solve
for the second part.

M
| I E—— 7 =E -2 x (Observed; - Predicted;)
NOTE: For more d Predicted
details on how to
solve for this
derivative, ses

Chapter 5.

™
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Backpropagation: Details Part 9

The second part, the derivative ...15 the derivative of the ...which, in turn, is the derivative
of the Predicted values with green squiggle with of the sum of the blue and orange
respect to the Final Bias... respect to the Final Bias..” » curves and the Final Bias.
2 e -
g regicted, - 2 green squiggle = Z (blue curve + orange curve + Final Bias)
d Final Bias d Final Bias d Final Bias

Mow, remember that the

blue and orange cuwes...‘\

... .were created ...thus, the derivatives of the blue and orange
before we got to the curves with respect to the Final Bias are both 0
..++= Final Bias... because they do not depend on the Final Bias...

+-0.25 A A

Z (blue curve + orange curve + FinalBias)=0+ 0 + 1
d Final Bias Y. % 4

...and the derivative of the Final
Bias with respect to the Final Bias
is 1. So, when we do the math, the

o ' derivative of the Predicted values
d Predicted _ , 3 with respect to the Final Bias is 1. DOUBLE BAM!!!

. d Final Bias - " We solved for the
— el e, e +* second part of the
................... wenet®” derivative.

2B



Backpropagation: Details Part 10

Ng:ﬁtii?ﬁ EZ;:;ZTI::;L::E ...the derivative of the SSR with -/Eand the derivative of the Predicted
respect to the Predicted values... values with respect to the Final Bias.

- Bias, we simply plugin...

L]
LI L] b

& L i
+* Ih*'-‘-‘

v v

: _ d Predicted _

: e :Z -2 x (Observed; - Predicted) — ===
: d Predicted 4 s bl

i= . .“11-'I
*‘.i FT - L ] “ '-‘
dSSR_ _ _dSSR__  d Predicted R
d Final Bias d Predicted  d Final Bias e
: < At long last, we have the

derivative of the SSR with

o respect to the Final Bias!!!

M
d SSR =Z_2x(ﬂbsewed;— Predicted;) x 1

s | TRIPLE BAM!

4
In the next section, we’ll SSR '-1 SR SSR
2

4 d

plug the derivative into 5
Gradient Descent and

S
E >
solve for the optimal value By —)
for the Final Bias. (‘// < 7
£
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Backpropagation: Step-by-Step

Now that we have the ...which tells us how the SSR chaﬂge'_s/*.we can cptimize the Final
derivative of the SSR with when we change the Final Bias... Bias with Gradient Descent.
respect to the Final Bias... b,

L]
r h
L]

L
h..-.'-.-‘--l-.*..
-

L 3
g,

i
d SSR =2_2 x (Observed: - Predicted)) x 1

I d Final Bias i1 A ¥ Effectiveness

-0.5 0 0.5
0.5 1 Final Bias
Drug Dose

' NOTE: We're leaving the “x 1 term -
. in the derivative to remind us that it 4

comes from The Chain Rule.

However, multiplying by 1 doesn't |
do anything, and you can omit it.

First, we plug in the Observed values from
the Training Dataset into the derivative of
the SSR with respect to the Final Bias.

I
Do =Z -2 x (Observed; - Predicted;]E %1 Eealt = -2x[:0 : - Predicted4) x 1
d Final Bias “ d Final Bias
- O i=1 +-2x(:1:- Predicteds ) x 1

+-2x% (=0 - Predicteds ) x 1

Effectiveness, = -2 x( Observeds - Predicted ) x 1

UC)_'_O + -2 x ( Observed: - Predictedz ) x 1

0.5 1
Drug Dose

+ -2 x ( Observed; - Predicteds ) x 1

2ES



Backpropagation: Step-by-Step

Then we initialize the Final Bias
to a random value. In this case,

we'll set the Final Bias to 0.0. LT L L

Then we run the 3 Doses from the Training
Dataset, 0, 0.5 and 1, through the Neural

Metwork to get the Predicted values...

w

...and we plug the
--------------------- .. Predicted values

tea,, into the derivative.
] L] "ll‘.:"‘li

II."'I'lrll-u-.lll-l'r’ rI

"
i‘i"'
TTTII L
.
-
o
*
*
*
#
»
‘_"
*
™
*
»
{ 3
i
L 1
1
-
L ]
1
1
"
.
.
.
L
.
&
-
-
[ }
L}
"
[
"
[ ]
*
*
.

0.5
Crug Dose

—

1‘._‘*.

D e ——

— -2 x(0 - Predicted ) x 1
d Final Bias

. +-2x(1- Predicted ) x 1
0.5 1%
\ Drug Dose : + -2 x [0 - Predicted ) x 1
Input A ' m : Output
.

\4
; IIIII ‘-
Sum |+0.0 —)

2x(0-1057%)x 1

+2x(1-i1618)x 1

2EE



Backpropagation: Step-by-Step

Now we evaluate the derivative at the When we do the mM.thus, when the Final Bias = 0, the
current value for the Final Bias, we get3.5... slope of this tangent line is 3.5.

which, at this point, is 0.0. . s
?:"- "'**1--1---“'- il :-:
t ey ISR oy (0-057)x1 ¥ SSR : 4
= d F"-nal Has .Illllllllllll: E *
: +2x(1-161 )x1: =3.5:

+-2x(0- 058 )x1
Sum |+ 0.0

NOTE: In this

example, we've

' set the Learning |
Rate toc 0.1.

Then we calculats the Step
Size with the standard
equation for Gradient
Descent and get 0.35.

Lastly, we calculate a new value for the
Final Bias from the current Final Bias...

N New Bias = Current Bias - Step Size
. Gentle Reminder: § _35x0.1 S 4

| 'y =00-035
The magnitude of } panssssans a _,._‘,.*T'_ ........... .
the derivative Is : =035 : | EGIERIOR, 18, :=-035 : ...and the new Final
proportionalto § 2 tesesssees J Initialized the Final e H 1"'--:‘._ Blas is -0.35. which
how big of a step ! Bias to 0.0. " low

we should take
toward the .
minimum. The sign §

(+/-) tells us in

what direction.

-0.5 0 0.5
Final Bias
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Backpropagation: Step-by-Step

With the new value for f...we shift the green squiggle down a
the Final Bias, -0.35...

bit, and the Predicted values are closer
., 3 tothe Observed values.
B % pAM!
Y AT
: X :
v 1 f ;
Sum |+ -0.35 -

)@ S—g

0.5 1
Crug Dose
Now Gradient Desceﬁt -
lterates over the past Evaluate the derivative at Calculate the Calculate the
three steps... the current value... Step Size... new value...

...and after 7 iterations, the
Final Bias = -0.58... ...and the green squiggle fits the

...and we've made it to

3 Training Data really well... the lowest SSR. BAM'"
4 ‘1
SSR
Sum |+ -0.58 2

0.5 1
Crug Dose
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Neural Networks: FAQ

Where the heck did this bump in the
green squiggle come from?

L]
L]

When we used Backpropagation to estimate the
. Weights and Biases in the Neural Network, ws

-4
only calculated the SSR for the original 3 Doses,

1 B () qeorsncnnenne
' 0,05, and 1.
' That means we only judge the green squiggle by

Effectiveness
o) ' -
2 L how well it predicts Effectivensss at the criginal 3
Doses, 0, 0.5, and 1, and no other Doses.

Drug Dose

And that means the green squiggle can do whatever it wants in betwsen the

V'Y
original 3 Doses, including making a strange bump that may or may not make good
predictions. This is something | think about when people talk about using Neural

Networks to drive cars. The Neural Network probably fits the Training Data really
well, but there's no telling what it's doing between points, and that means it will be

hard to predict what a self-driving car will do in new situations.

Wouldn't it be better if the green
squiggle fit a bell-shaped curve

+{ to the Training Data?

-
-

Maybe. Because we don’t have any
data between the 3 Doses in the

Training Data, it's hard to say what
the best fit would be.

-
-
-
L}
L J
L
L
-
-

.1

|
0.5
Drug Dose

When we have Neural Networks,

which are cool and super
flexible, why would we ever

want to use Logistic Regression,

which is a lot less flexible?

Neural Networks are cool, but
deciding how many Hidden Layers to

use and how many Nodes to put in

each Hidden Layer and sven picking
the best Activation Function is a bit
of an art form. In contrast, creating a
model with Logistic Regression is a
science, and there's no gussswork
involved. This difference means that it
can sometimes be easier to gst

Logistic Regression to make good
predictions than a Neural Network,

which might require a lot of tweaking
before it performs well.

Furthermore, when we use a lot of
variables to make predictions, it can
be much easier to interpret a Logistic
Regression model than a Neural
Network. In other words, it's easy to
know how Logistic Regression
makes predictions. In contrast, it's
much more difficult to understand how

a Neural Network makes predictions.
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' ongratulations!! N\

We made it to the end of
an exciting book about
machine learning!!!

TRIPLE BAM!!!



Appendices!!!

Stuff you might have
learned In school but
forgot




Appendix A:

Fie Frobabilities
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Appendix A: Pie Probabilities

®

We're in StatLand, where 70% of the
people prefer pumpkin pie and 30% of

In other words, 7
the people prefer blueberry pie.

out of 10 people in
StatLand, or 7/10,
prefer pumpkin pie,
and the remaining

Pumpkin Pie Blueberry Pie

NOTE: In this case, randomly mesting one person who prefers
pumpkin or blusberry pie does not affect the next person’s pie
¢ preference. In probability lingo, we say that these two events

discovering the ple preferences from two randomly selected
people, are independent. If, for some strange reason, the

second person's preference was influenced by the first, the
events would be dependent, and, unfortunately, the math

ends up being different from what we show here
3 out of 10 people, _— :
:1 or 3/10, prefer
4 blueberry pie. Thus, the probability that two
people in a row will prefer
pumpkin pie is 7/10%s of the
ariginal 7/10ths who preferred
pumpkin pie, which is 7/10 x
..only 7/10%s will be 7/10 = 49/100, or 49%.
fDIInwed by people who also 3
prefer pumpkin ple .*":
&
Now, if we just randomly ask Of the 7/10™s of ‘ -...—} “ :
someone which type of pie they the pﬁnple thD ?ﬁD v
prefer, T out of 10 people, or 7/10ths say ey preter
of the people, WI|| say pumpkin... pumpkin p'?,‘;; 0.7x0.7=049
o, <>
S <«
b'. 710
7/10

...and the remaining 3 out

of 10 people, or 3/10hs,
will say blusberry.

BAM!!
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Appendix A: Pie Probabilities

Mow let's talk about what
happens when we ask a third

person which pie they prefer

Specifically, we'll talk about the probability
that the first two people prefer pumpkin pie

and the third person prefers blueberry. D 4 “‘

First, we just saw on the

previous page that we will
meet two people wh

And to find 3/10™s of the
..only 3/10ts will be 49/100%hs who preferred
followed by people who pumpkin pie, we multiply: 3/10
o both prefer t:zllurat:uarr"g.»r pie.
prefer pumpkin pie only Now, of that
49% of the time, or 49!10(1
49/100.

X 49/100 = 147/1,000. In other
. words, when we ask three
5 random people their pie
"= preferences, 14.7% of the
: time, the first two will prefer
: pumpkin pie and the third will
b

"‘ll

0.7x0.7 =049

prefer blueb erry.

0.7x0.7x0.3=0.147

DOUBLE BAM!!!
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Appendix A: Pie Probabilities

The probability that the first
person says they prefer blueberry ........
pie and the next two say they

prefer pumpkin is also 0.147.

03x0.7=0.21

ﬁV’

Ny AA<

0.3x0.7 x0.7 =0.147
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Appendix A: Pie Probabilities

Lastly, the probability that the
first person prefers pumpkin pie,
the second person prefers

blueberry, and the third person
prefers pumpkin is also 0.147.

e ‘ﬁﬁuau

0.7x0.3=0.21

V

4044 "

0.7x0.3x0.7 =0.147

TRIPLE
BAM!!!
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Appendix B:

The Mean, Variance, and sStandard Deviation
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Appendix B: The Mean, Variance, and Standard Deviation

Imagine we went to all 5,132 Spend-n-Save food r..but because there's a lot L
stores and counted the number of green apples that of overlap in the data, we «*"*""24
were for sale. We could plot the number of green can also draw a Histogram _'_
apples at each store on this number line... of the measurements. —
- =

< A0 0) (((0) 00 (00D 04
O OEETOXITDO 0 20 40
0 20 40 Number of apples
Murmber of apples

Because we counted the number of green apples
in all 5,132 Spend-n-Save stores, calculating the

If we wanted to fit a ..then, first, we need Population Mean, which is frequently denoted with
Normal Curve to the to calculate the the Greek character g (mu), is relatively

. data like this... Population Mean to straightforward: we simply calculate the average of
: e, figure out where to put all of the measurements, which, in this case, is 20.

s T, the center of the curve. .

A LT Population Mean = s = Sum of Measurements

Number of Measurements

\ 4

_ 2+8+ ...+ 37 _ o0

5132

0 20 40

Now we need to determine with width of the curve
by calculating the Population Variance (also called
the Population Variation) and Standard Deviation.

Because the Population
Mean, y, is 20, we center
the Normal Curve cver 20,

0 20 40 0 20 40
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Appendix B: The Mean, Variance, and Standard Deviation

The formula for calculating
the Population Variance is...

Population D (x - pp

In other words, we want to calculate how
the data are spread around the Population
Mean (which, in this exampls, is 20).

oS e)((0) 00 coorlel e
*'-.h L E e ) 40 ...which is a pretty fancy-looking
* - formula, so let's go through it
e one piece at a time.
The part in the parentheses, x - Y,
means we subtract the Population
Mean, y, from each measurement, x.
Population I ll l...l o0 l
Variance ~ ; B
e, e, : Population ........c..i...
For example, the first measurement is 2, A A v Variance ~: n .
so we subtract p, which is 20, from 2... (2-20) (8-20) (28 - 20) E.............E
K \) \) "
é 2 § ..then the square ,.*"" 4 ...and lastly, we want the ‘
‘;-* t,E”E us to square " (2-20¢ (8-20§ (28 - 20)7 average of the squared  ~
“=ax=** gach term.. . ¢ ¢ differences, so we divide +*
T by the total number of
. U ...and the Greek I[E 2012+ (B-20)2+ ...+ (28 - 20)2 measurements, n, which,

EE é “*ss* character E (Sigma) tells ‘,*" Jhthis case, is all Spend-
3 *

us to add up all of the Woenanss®" n-Save food stores,
terms... 5,132.

Mumber of Measurements
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Appendix B: The Mean, Variance, and Standard Deviation

Nope,

Now that we know how to when we do the
calculate the anulvmath, we get 100. BAM? not yet.
Variance... o
xﬁ' h""*;.‘* H= 20
’1
L0 0) (((0) 0 000D 0}

Population 2, (x-mP (2-20F+(8-20)2+ ...+ (28 - 20)2
Variance ~ A = ae =100
; A 0 20 40
, ; Numb er of apples
Because each term in the -..the units for the result, ...and that means we A
equation for Population 100, ars Number of +*'/ can'tplotthe Population $
Variance is squared... Apples Squared... Variance on the graph, &
since the units on the x- oy
axis are not squared, "*Treeess*®’

...and we
can plot that ==****

on the graph.

...and because the Population
Variance is 100, the Population

To solve this problem, we take the
square root of the Population
Variance to get the Population Standard Deviation is 10...
Standard Deviation... H
Population
Sta JZ (x - yp Population / A 0 >0 40
ndard — — = . = 100 =10
Deviation n Variance Mumber of apples
NOTE: Before we move on, | want to
emphasize that we almost never have
the population data, so we almost never
calculate the Population Mean,

Now we have a graph that shows the
Variance, or Standard Deviation.

Population Mean, 20, plus and minus
the Population Standard Deviation,
10 apples, and we can use those
values to fit a Normal Curve

to the data.

BAM!!! - -
HEN Mumber of apples

If we don’t usually
calculate Population

Parameters, what do we
do???

40




Parameters, we estimate them

Appendix B: The Mean, Variance, and Standard Deviation
@ Instead of calculating Population

from a relatively small number of

Estimating the Population Mean is
measurements.

super
easy: we just calculate the average Df_the/)."aﬂd when we do the
measurements we collected...
‘:1‘ :‘ 4"""

math, we get 17 6.
#t.* F‘ "-ti ’H'l: "':
- Estimated  Sum of Measurements ~ 5+ 13+ 19+ 24+ 29 178 .
Mean — Number of Measurements 5 s
0 20 40
Number of apples
@ NOTE: The Estimated Mean, which is

often denoted with the symbol X (x-bar), “=.,
is also called the Sample Mean...
...and due to the relatively small
number of measurements used to
calculats the Estimated Mean, it's |
different from the Population Mean. ‘-

Mow that we have an Estimated
Mean, we can calculate an
Estimated Variance and Standard
Deviation. However, we have to
. compensate for the fact that we
only have an Estimated Mean,
which will almost certainly be

different from the Population Mean.
! Thus, when we calculate the Estimated

Variance and Standard Deviation
using the Estimated Mean...

| 4
Estimated Z (x-Xx)2

e, O

A lot of Statistics is dedicated to quantifying and
compensating for the differences between

Population Parameters, like the Mean and

Variance, and their estimated counterparts.

™
eI T

40

...we compensate for the difference between the
Population Mean and the Estimated Mean by dividing by

number of measurements minus 1, N - 1, rather than n.
Estimated - .,-"

_ _ Standard - Z[I XF

Variance n-1 4. Deviation n-1
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Appendix B: The Mean, Variance, and Standard Deviation

X=17.6
Now when we plug the
data into the equation for
the Estimated Variance...

\ ¥ ¥ ¥
Estmated D, (X-X)2 (3-17.6)2+ (13- 17.68)2 + (19 - 17.8)2 + (24 - 17.6)2 + (29 - 17.6)2
Variance = “p -9

NOTE: If we had divided by n,
instead of n -1, we would have

gotten 81.4, which is a significant 3
' underestimate of the true

Population Variance, 100.

— 101.8
5 - 1 >

...we get 101.8, which is a pretty good, T A
estimate of the Population Variance, "--........._,_._"___
which, as we saw earlier, is 100.

Lastly, the Estimated Standard ...80, in this example, the Estimated Standard
Deviation is just the square root Deviation is 10.1. Again, this is relatively close to
of the Estimated Variance... '*,jche Population value we calculated earlier.
Estimated - 3
Standard — E“‘_IF _ ?;f:ﬁ::’ - 1/101.8 =10.1
Deviation n-1 h

The Estimated Mean, 17.6,
and Standard Deviation,
101, correspond to the
purple Normal Curve...

...which isn't too far off from
.+« the true Population

..;“ distribution in green, with
Mean = 20 and Standard
Deviation = 10.
BAM HENR
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Appendix C:

Computer Commands for Calculating
Frobabilities with Continuous
Frobability Distributions
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Appendix C: Computer Commands for Calculating

Probabilities with Continuous Probability Distributions

Given this Normal Distribution, ... let's talk about ways we can

with Mean = 155.7 and get a computer to calculate the
= area under the curve between

Tl e 82 S Hese However, before we get into the specific

1425 and 155.7. i ,
s commands that we can use in Google
& Sheets, Microsoft Excel, and R, we need to
*_,*‘ talk about CGumulative Distribution
Functions.

b

1595.7 cm 166.8 cm
Height in crm.

142.5 cm

A Cumulative Distribution Function
(CDF) simply tells us the area under
@ the curve up to a specific point.
For example, given this Normal Distribution with In this case, the
Mean = 155.7 and Standard Deviation =66, a area is 0.02.
Cumulative Distribution Function for 142.5
would tell us the area under the curve for all x-axis
values to the |eft of, and including, 142.5.

‘i-
4
#
155.7cm 168.9 cm

Height in cm.



Appendix C: Computer Commands for Calculating

Probabilities with Continuous Probability Distributions

Likewise, the Gumulative Distribution Function r..and that makes sense because the total area
tells us that the area under the curve to the left of, under the curve is 1, and half of the area under
and including, the mean value, 155.7, is 0.5.. the curve is to the left of the mean value.

142.5 cm 155.7 cm 16B8.8 cm

If we want to calculate this area
under this Normal Distribution, -.,,
from 1425 to 155.7...

142.5 cm 1557 cm 168.9 cm
i ...and wh do th
Cumithen we start by usinga .and we subtract the and when we do the
umuiauve LIstripution runcton ares under the curve up , d .“

to calculate the area all the way up to to 142.5. which i= 0.02

£
and including 155.7, which is 0.5.

05-0.02=048

L 3
-
“i
i"
i,
*
*
.

142.5 cm 155.7 cm 142.5 cm 155.7 cm 168.9 cm
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Appendix C: Computer Commands for Calculating

Probabilities with Continuous Probability Distributions

Now, if we want to do those calculations
with Google Sheets or Microsoft Excel,

we use the NORMDIST() function.

*
v |

e L P PP L L L L OO L L L e L L P LR RRLEEELRICLLLLOOet

Al . : =normdist(155.7, 155.7, 6.6, 1) - normdist(142.5, 155.7, 6.6, 1)

A : llllllll EEEEEEEEEEEEEEEEEDR EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEENEEEEEEEEEEEEEEEEEER

] 0.4772498681
2
The NORMDIST() function T
takes 4 arguments: . ""'-----............_""_
4-1 .-'Il--iI-ilr||..|}
normdist( x-axis value, mean, standard deviation, use CDF)
.
...the x-axis value that ';"* ".“ J!.: **.
we want to calculate the .- ; s, ...and either 0 or 1, depending on
tﬁreﬁiaénier ﬂ;!e, culrvdel B s . whether or not we want to use
o Duféxaa”m;e“ i N---thel"‘[‘l‘?ﬂ;_gf tﬁhﬂ ‘ the Standard the Cumulative Distribution
, ormal D1sTpudaon . ; ; '
) g Function (CDF). In this example,
means we set this to which in this example Deviation, which in (CDF) F
either 155.7 or 142.5...

< 155.7 . this example is 6.6...

we setitto 1 because we want to
use the CDF.
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Appendix C: Computer Commands for Calculating
Probabilities with Continuou

s Probability Distributions
@F‘Lﬂ_’tiﬂg everything together, : ' ' . . cralist il _ i

we get 0.5 - 0.02 = 0.48.

Gentle Reminder about the arguments for the NORMDIST() function:
normdist( x-axis wvalue,

mean, standard deviation, use CDF)
v e,
normdist( 155.7, 155.7, 6.6, 1) - normdist( 142.5, 155.7, 6.6, 1) = 0.48
4 ¥.

*
™

DOUBLE BAM!!

142.5cm 155.7cm
In the programming language called R, we can get

the same result using the pnorm() function, which
is just like NORMDIST(), except we don’t need to
specify that we want to use a CDF.

TRIPLE BAM!!!

- pnorm (142 .5,

168.89cm

pnoxrm (155.7,

mean=155.7,

sd=6.6)
= 0.48
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Appendix D:

TheMain Ideas of Dervatives
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Appendix D: The Main Ideas of Derivatives

Imagine we collected Test Scores ...and we fit a straight One way to understand the relaticnship
and Time Spent Studying from 3 line to the data. between Test Scores and Time Spent
3, people... % Studying is to look at changes in Test
Test Score = Test Score Test Score Scores relative to changes in Time

Spend Studying.

‘O & ' ;
&
v . In this case, we see

that for every unit
increase in Time, thera
is a two-unit increase in
2 eersenanag,. Iest Score.

&
et In other words, we
can say we go up 2
for every 1 we go over.

'lI--."'

II!II*‘ k-

Time Spent Studying Time Spent Studying Time Spent Studying

NOTE: The relationship “2 up Because the “2 up for every 1 over” relationship

for every 1 over” holds even if holds no matter how small a value for Time
we only go over 1/2 unit. Spent Studying, we say that the Derivative of
Test Score Test Score ; this straight line...

L]
L]
™
L)
w
t"'
-

...1s the change in Score
"""+ (o Score) relative to the change

In this case, we ses
that for every half-unit
increase in Time, there

<32 x05 =1 unit y: in Time [d Time), which is is 2.
increase in Test Score. dScore _ o “.*" Now let's talk about
d Time ‘_,-*' how the Derivative is

AL related to the

straight line.

Time Spent Studying Tirme Spent Studying
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Appendix D: The Main Ideas of Derivatives

Thus, we see that the slope, 2,

Now let's stop talking about

Studying and talk about Eating. This
0 line has a slope of 3, and, regardless
of how small a value for Time Spent

Eating, our Fullness goes up 3 times

that amount.

.(__/

Thus, the Derivative,

the change in Fullness
+ relative to the changs
in Time, is 3. =,

>....

‘1 d Fullness _
o Time

Here is the
equation for the Tl"l'e slope is equal to the Derivative, 2,
straight line. I8 2... and both tell us to go “2 up for
: o every 1 over.,” = !
Test Score . o Test Score .*: : Fullness »
1" .r'.f 'l' Jllll: t E .:
Score = 1/2 + (2 x Time) Score = 1/2 +(2 x:Time) ¢ :
A )
%  ...and the y- o Score 5 *
., axis intercept d Time
s /2.
A
| | L

Time Spent Studying

Height of the
Ermpire State
Building

-1||.¥.

When the slope is 0,
and the y-axis valus
never changes, «=-.--
regardless of the x-
axis value...

'(-__/

...then the Derivative,
the change in the y-axis
value relative to the
change in the x-axis

value, is 0. "*vvesssaannens

d Height

d Occupants -
" 4

Nurnber of Occupants

Time Spent Studying

Tirme Spent Eating

When the straight line is
@ vertical, and the x-axis
value never changes,
then the Derivative is
undefined. This is
because it's impossible to
measure the change in
the y-axis value relative to
the change in the x-axis
value if the x-axis value
never changes.

V-axis

X-axis
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Appendix D: The Main Ideas of Derivatives

...the Derivative is the slope of any
straight line that just barely touches
the curved line at a single poirt.

Lastly, when we have a curved
line instead of a straight line...

3 1§ Terminology Alert!!
1 SRR & ¢ § A straightline that
Awesomeness "1 Awesomeness Lines :..u"‘ Slope - 5 :-r' b tquchee tlhelcur've at a £
: TS single point is called a
1 \/ tangent line.
[ | .-l"‘
=3
- i | 1 |
Likes StatQuest

Likes StatCliuest

Unfortunately, the Derivatives of curved
lines are not as easy to determine as
they are for straight lines.

However, the good news is that in
machine learning, 99% of the time
ARG we can find the Derivative of a
curved ling using The Power Rule
[See Appendix E) and The Chain
Rule (See Appendix F).
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Appendix E:

The Power Rule

NOTE: This appendix assumes that you're already
familiar with the concept of a derivative [Appendix D).
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Appendix E: The Power Rule

In this example, we have a parabola that represents the
relationship between Awesomeness and Likes StatQuest

Awesormeness

This is the egquation for

We can calculate the derivative, the -,

change in Awssomeness with respect to™,

the change in Likes StatQuest...

a®
nEifFrE |l"I
"..'F TEFgnE -

of £
Awesomeneass
d Likes StatQuest

&
L]
-

4

...by first plugging in the ....:u“"

equation for Awesomeness... ',
the parabola: [ H
4,.1""4-"‘-_‘ ‘4-"‘.."- " "'Ir-..._ F’
- o - e [:ilkes StatQuest)?
— i 2
Awesomeness = (Likes StatQuest) d Likes StatQuest

Likes StatCQuest

The Power Rule tells us to multiply
Likes StatQuest by the power,
which, in this case, is 2...

...and raise Likes
StatQuest by the original

power, 2, minus 1...
% ;
. vy v
(Likes StatQuest)? = 2 x Likes StatQuest2-!
d Likes StatQuest

. = 2 x Likes StatQuest

.

Awesomeness

...and since 2-1 =1, the derivative of

...and then applying The Power Rule.

.'l-pF

For example, when Likes StatQuest = 1, the

d Awesomeness _
d Likes StatQuest

BA

Awesomeness with respect to Likes
StatQuest is 2 times Likes StatQuest.

Now let's look at a
1 fancier examplelll

|
Likes StatQuest

derivative, the slope of the tangent line is 2.

*
-
L]
L]

L
]
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Appendix E: The Power Rule

We can calculate the derivative, the
Here we have a graph of how r..and this is the equation change in Happiness with respect to
Happy people are relative to for the squiggle: " the change in Tastiness...
how Tasty the food is... F:*
= Happy = 1+ Tas
ok R Y oHapey Happy
;" '*.“_ Happiness I d Tasty d Tasty o
K Index R ';*-...,__‘ ...by plugging In
H S n, e the equation for
: Jir """"""""l v, *‘." HE_ .
5 Fresh, hot o *,, F_a FRY
e T W, frieslYUMmIL e o 4
- '*""--* e — 1 + Tasty?
r LA TN L [
Tasty Food — o TES‘I}!:; . .
Index : ] y £ ...and taking the
e sssssssssas . ________:f_ _________ derivative of each
: : : terminth tion.
- (14 Tasty?) = | e i ] Tasty3} e SAHANON
i g d Tasty : dTasty : :d Tasty e
Gnld' grEEEYfrIEEfI’Dm FEEEEEEEEEEE .IIIIIIIIIIIIIIIIIIII

yesterday. Yuck. =

The constant value, 1, doesn’t The Power Rule tells Us to
change, regardless of the value

HEEEE; = @ ® for Tasty, so the derivative with multiply Tasty by the power,

respect to Tasty is O. 3 which, In this case Is 3...

:‘ Now, when Tasty = -1, d Tasty 1=0 [ 4

/‘\ the slope of the ...and raise
Tasty tﬂngent line is 3. TEiEt‘j’G =3 X Tﬁﬁt}'ﬂ"‘ {.:::l TE']_Et'_l," b‘_f the
Ind ex : Lastly, we d Tasty _axT A" original power,
i F:. . recombine both B asty? 3, minus 1.
d : terms to get the
8 x Tasty= final derivative
\& d Tasty v '
t‘*. _ax 12 -7 Happy = 0 + 3 x Tasty?

d Tasty
_ 3x Tasty? Bam!

']
L
L™ ]
L]
*..!. l""
LT T T L
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The Chain
Rule!!!

NOTE: This appendix assumes that you're already
familiar with the concept of a derivative (Appendix D)
and The Power Rule (Appendix E).
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Appendix F: The Chain Rule

Mow, if someone tells us that
they weigh this much... =,

#

Here we have Weight and Height , , ...then we can use the "*.'
measurements from 3 people... ...atﬂdt;ure;ltta line green fitted line to predict ",
i © e Hata. that they're this tall.
Height b Height % S Height :
F- :‘ E '-_‘
. * X{""III "I
A :
xX—
Weight Weight Weight V.. o

Here we have Height ...and we can use an orange

and Shee Sizs fitted line to predict Shoe Size The Chain
measurements... from a Height measurement. Rule is cooll!!
o
Shoe Size ‘J"' "i‘

Height Height



Appendix F: The Chain Rule

Now, if someone ...then we can predict that
tells us that they this is their Shoe Size...

weight this much... ;
Height
:: __..--"" ...becausse Weight
: o and Shoe Size are
-X{"""" .: :"'* connected b"_',"
l:" - .: :: Shoe Size HEIght
g A
.: .‘_" {llllllllllllllllllllll E
; p )f A
., X— Y T 1 :
"‘- Weight Height ~Y :
'r.-" .!"""‘.' t' “‘l‘.

...and if we change the value for Weight, like
make it smaller, then the value for Shoe Size
changes. In this case, Shoe Size gets smaller, too.

Height - S

Weight

MNow, if we want to quantify how much Shoe Size

changes when we change Weight, we neasd to calculats

the derivative for Shoe Size with respect to Weight.

Likewise, this straight line goes up 1/2
units for every 2 urits over, so the

: Because this straight line goes slope agd derivative are 1/4...
0 up 2 units for every 1 unit over, Shoa Siza -, ".‘_ JEOTCTITN
the slope and derivative are 2... & T "
.-"‘"‘ ': .*" d Size _ 1/2 _
,' p d Height 2
' 2 A1/2
T 2 ..andthat meansthe ~ Liinnin > ...and that means the
d Weiaht ...and that means the i E ; . the
L equation for Height is: Height equation for Sh-cne Size is:
‘:._'l ll]...--‘i .* l“'" ‘._“
. g d Height . | Shoe She 2828 L 1
Height = s x Weight = 2 x Weight o8 S ize = relnt . Ot *helg
d Weight eig
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Appendix F: The Chain Rule

Mow, because Weightf ...and Height can f__we can plug the equation for Height
can predict Height... predict Shoe Size... into the equation for Shoe Size.

“.“l“ . .l- ti l“ . .-u E llllllllllllllllllllll .llllllllllllllll lllllllllllllllll E
. d Height . . d Size . : . d Size d Height . .
Height = g x Weight Shoe Size = - Height “» : Shoe Size = — x = Weight :
d Weight o Height o Height d Weight
And if we want to determine how ...we solve for the derivative of ﬂ ,
Shos Size changes with respsct Shoe Size with respect to Weight... ...and, using The Power Rule [or
to changss in Weight... . _, realizing that when we change Weight,
Height . o, ‘H:' ____..---"'"‘-' we multiply it by both derivatives to
__: "'"""---.u _ _ 4 _ get the new Shoe Size), we end up
" Shoe Size " dSize _ dSize « d Height with the derivative of Shoe Size with
o A b d Weight o Height d Weight respect to Height multiplied by the

. derivative of Height with respect to
1 :? Weight.

In other words, because we can link the
two equations with a common variable, in
this case, Height, the derivative of the
combined function is the product of the
individual derivatives.

Weight

Finally, we can plug in —_/.—-—\‘

values for the derivatives... ...and we see that when Weight

—— [—— — increases by 1 unit, Shoe Size
Gentie Reminder: § =" A * increases by 1/2.
d Height _ - dSize  dSize < d Height
o Weight d Weight d Height d Weight
d Size _ ’ :
d Height : =X 2= et
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Appendix F: The Chain Rule, A More Complicated Example

Now imagine we measured how

So, we fit a quadratic line with an
Hungry a bunch of people were

. Likewise, we fit a sguare root
Intercept of 0.5 to the measurements to -
and how long it had been since refl ec? the increasing rate of Hunger. function to the data that shows
they last had a snack. . how Hunger s related to craving
Hunger o Hunger IR ice cream.
41-1." : "‘ﬁ“
'. ir Craves lce t-"' ",,
» Cream ",
o) 3 Hunger = Time? + 0.5 <4
%~ The more Time that

. "*,i had passed since
"= their last snack, the

Craves Ice Cream = (Hunger]12
hungrier they got!

Hunger
Time Since Time Since
Last Snack Last Snack
Now we want to see how Unfortunately, when we plug the
Craves lce Cream changes equation for Hunger into the
relative to Time Since Last equation for Craves lce Cream...
Snack.
. .
Hunger =:Time? + 0.5 i*===.,
.""{
Craves Ice Cream = [Hunger)12
<
4
Bummer.
Craves lce Cream = (Time2 + 0.5)1%
Time Since ...raising the sum by 1/2 makes
Last Snack

it hard to find the derivative with
The Power Rule.



Appendix F: The Chain Rule, A More Complicated Example

Howesver, because Hunger links
Time Since Last Snack to Craves
lce Cream, we can solve for the

The Chain Rule tzlls us that the
derivative of Craves lce Cream

with respect to Time...

First, The Power Rule tells us
that the derivative of Hungsr
with respect to Time is this

derivative using The Chain Rulel!!! Ef‘ HUEQE" equation:
Hunger o Craves d Craves d Hunger F
. = X . 1
d Time o I-‘:unger o Tm;e ] Hunger = Time2 + 0.5 F
GFEHEE IGE :‘tl' i.‘.‘ | ;;iﬁ;;;&iei;‘iiiittiitttitt?
Cream . C . : =2Zx Time :
*_X{.... F({““““ ...18 the derivative of ..multiplied by the ' d Time :
s A Craves lce Cream with J derivative of Hunger B T LT T L L L LI I L L L L LT :
K v : Tirne
- - respect to Hunger..s with respect to Time.
3 Tirme Since Hunger ow we Just plug the derivatives

"".* Last Snack

" am
."-i---'-l"‘.

Likewise, The Power Rule tells us that
the derivative of Craves lce Cream with
respect to Hunger is this equation:

O

Craves lce Cream = (Hunger)12 ¥

Craves : o Craves :
- = 1/2 x Hunger-1= :

: d Hunger :

] -1 E

gy : ~ 2xHungert2

HUﬂgEr llllllllllllllllllllllllllllllllllll:

into The Chain Rule...

# O

‘
d Craves d Craves d Hunger NOTE: In this example, it was
d Time d Hunge.r'x d Time cbvious that Hunger was the link
between Time Since Last Snack and
Craves lce Cream, which made it
1 easy to apply The Chain Rule.
= x (2 x Time)
2 x Hunger1® However, usually we get both
eguations jammed together like
2 x Time this...
- 12
....... E. .JE.I:I.L.JP.E.!.EI............_ Craves lce Cream = (Time2 + 0.5)12
: d Craves _ Time § ...and it's not so obvious how The
d Time Hunger'2 : Chain Rule applies. So, we'll talk

's a change

...and we see that when there
in Time Since Last Snack, the

Craves lce Cream is equal to Time divided

: about how to deal with this next!!!

BAMH!

change in

by the square root of Hunger.



Appendix F: The Chain Rule, When The Link Is Not Obvious

In the last part, we said that raising the
sum by 1/2 makes it difficult to apply
The Power Hule_‘tcn this equation...

L]
* L]

e

Craves lce Cream = [Time® + 0.5)12

...but there was an obvious way to
link Time to Craves with Hunger, so
we determined the derivative with
The Chain Rule.

However, even when there’s no
obvious way to link eguations, we can
create a link so that we can still apply

The Chain Rule.

Mow we use The Power Rule to
solve for the two derivatives...

o Craves o

d Inside d Inside (Inside)12 = 1/2 x Inside-12
1

2 x InsidelZ

S = = Tme2 + 0.5=2 xTime
d Time o Time

Now that we've created Inside,
the link between Time and
Craves, we can apply The
Chain Rule to solve for the derivative.

First, let's create a link
between Time and Craves
Ice Cream called Inside,
which is equal to the stuff inside

the parentheses... ]
The Chain Rule tells us that the

derivative of Craves with respect

s toTime...
...and that means Craves Ice 4

Cream can be rewritten as the d Craves d Craves d Inside
square root of the stuff Inside. d Time _ d Inside X d Time

| ]
ak @

...is the derivative ...multiplied by the

of Craves with derivative of Inside

respect to Inside .«

...and plug them inta/ ...and just like when the link,
The Chain Rule... Hunger, was obvious, when we

created a link, Inside, we got the

Inside = Time2 + 0.5

A
Craves Ice Cream = (Inside)12

o Craves d Craves d Inside »exact same result. BAM!!
= X .
d Time d Inside  d Time :
- When there's no cbvious link,
o Craves 1 s we can make one out of stuff
- = . x (2x Time) & thatis inside (or can be put
d Time 2xInside’” . inside) parentheses.
2 x Time : DOUBLE BAM!!!
) 2 x Hunger12 _.:
.'iiiiiiiiiiiiiiiiiiiiiriiiiiiii: #_
» d Craves Time
: dTime  Hunger2 ;

with respect to Time.
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